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COMMUTATIVITY IN FINITE MATRICES* 
OLGA TAUSSKY, National Bureau of Standards 

1. Introduction. The real and complex numbers have the properties 
(1) ab = ba for all a and b 
and 
(2) for every a ~ 0 there is an inverse a, 
which implies 
(2’) ab = 0 only if a = 0Oord = 0. 

A classical theorem of Frobeniusf states that there are no other hypercom- 
plex systems which have these properties. If we want to consider more general 
systems, we must give up at least one of these properties. For example, if we do 
not insist on the commutative law (1), the quaternions of Hamilton become 
acceptable, but no others. The set of Xm matrices A, B, - - - , with complex 
elements can be regarded as a hypercomplex system with ? base elements and 
in this system, in general, ABBA. In general, also, there is no inverse A! 
even if A ~0 and, furthermore, AB can be zero without A =0 or B=0. The two 


axioms may even be violated simultaneously, so that when AB =0 we may still 
have BA £0. A simple example is 
Ga 
B= 
0 0 


0 1 

0 0 
As soon as AB#BA for a pair A, B, various other things go wrong too. Of 

these, we mention three: 

(a) If A,.=(a) and we define lim,... A, to be (lim,.. a{?), we may define 
the exponential of a matrix X by the formal power series eX = X#/i!. 
Then, in general, e4e8 ~e4+8, but when AB=BA, we always have e4e8 =e4t8, 


Example: If 
0 0 
1 0 


At?=0, B*=0, (A+B)?=], 


* Invited address at the meeting of the Maryland-District of Columbia-Virginia Section of the 
Mathematical Association of America, May 5, 1956. 

The preparation of this paper was supported (in part) by the Office of Naval Research. 

t References listed by sections will be found at the end of the paper. 
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1 1 1 0 
0 1 a4 


1 sinh 
inh 1 cosh 1/° 


but 


(b) Let lim,... A"=X, and lim,.,. B*= Y. Then lim, (AB)* does not exist, 
in general, when AB#BA, while for AB=BA we have (AB)*=A"B" for all 
n>1, so that lim,... (AB)"=lim,... A” lim,... Y. 


Examples: lf 
0 0 
1 0 


0): 


then 
so that X=0, Y=0, but 
If 


then 


0 oO 


and X=0, Y=0, but lim,.,, (AB)" does not exist. 

(c) Let the eigenvalues of A be am, ---, a, and those of B, fi,---, Bn. 
When AB#+BA, the eigenvalues yi,---, y. of AB are, in general, not 
o6i,---, @B, for any pairing. When AB=BA, however, the eigenvalues of 
any polynomial p(A, B) are p(a;, 8;), by another classical theorem of Frobenius. 


Example: If 
0) 
B= 
1 0 


A= > 
0 0 


then 


a 


| 
Zz 
1 0 
AB = ( ), 
0 0 | 
1 0 
lim = ( XY. 
I 
1/2 2 1/2 0 
0 0 2 0 
‘ 
| 
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and a; =a2=0, 6: =6:=0, while yi1=1, y2=0. 

The main object of this paper is a study of the replacement of AB=BA in 
(c) by a weaker rule. 

2. Commutators. Two theorems of McCoy and Drazin that are stated in 
Section 3 involve the notion of the commutator of two matrices A and B. We 
call AB—BA the commutator of A and B and denote it by (A, B). Since 
(A, B) =0 when AB=BA, the commutator may be said to “measure” how much 
AB differs from BA. In the theory of groups, if AB#BA, then A-'B-'AB is 
called the commutator of A and B. Since, for matrices, A~! and B-' do not 
always exist, but addition and multiplication are defined, we take instead, 
AB—BA. We can also study commutators of higher order, for example, 
(A, (A, B)) =A(AB—BA) —(AB—BA)A or (B, (A, B)). 

The following remarks, about a special case of commutators, while not im- 
mediately relevant to our topic, indicate an interesting area of study. 

Consider the commutators in which the last factor is A*, the others all A, 
where A* is the transposed and conjugate complex matrix of A. We write 
(A, A*) =AA*—A*A=C,, A(A, A*)—(A, A*)A=C;,, etc. Matrices for which 
C,=(A, A*)=0, the so-called normal matrices, play an important role as a 
natural generalization of hermitian matrices. 

Suppose we have a matrix for which C.#0, we might ask whether or not 
C;=0. It turns out that if C.#0 then C;~0. Further if, C.#0 then (C2, C3) #0. 
Let us next consider C,. We find that C,=0 is possible even if C20, C30. 


Example: If 
1 
Ae ), 
0 1 


then 


and we have 


However, if in the case n=2, we have C2:*0, C3¥0, C,¥0, then C, 0 for 
any n. For n=3 the behavior is different as is shown by the following examples: 


01 °0 011 
21, C5=0; A=|0 O Cy=0. 
0 000 


1 0 
( 
» 
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3. Two theorems of McCoy and Drazin. McCoy proved that if (A, B) ¥0; 
but (A, (A, B)) =(B, (A, B)) =0, then, although AB¥BA, all eigenvalues of 
the product AB are of the form af; for a certain pairing and, more generally, 
all polynomials p(A, B) have eigenvalues p(a;, 8;) for the same pairing. 

Later, M. P. Drazin generalized McCoy’s theorem by showing that, if all 
commutators of A and B of a fixed order & (i.e., involving k brackets) vanish, 
then all polynomials p(A, B) have eigenvalues p(a;, 8;). 

Apparently there are none or at most very few theorems known which say: 
“such and such a statement is true if and only if AB=BA”; it is always “if 
AB=BA then...”. Hence we are tempted to replace AB=BA in various 
ways by weaker hypotheses. One way is to assume that instead of AB—BA =0 
some of the higher commutators vanish. Another one is suggested by McCoy 
and Drazin’s theorems: It isknown that AB=BA implies that all p(A, B) have 
as eigenvalues p(a;, B;), but the converse is not true. Consider, for example, 


1 2 
0 0 1 
Here AB#BA, but it can be shown (ef. Condition 4.1 below) that all 
p(A, B) have as eigenvalues p(a;, 8;). Further, no commutator of the form 
(A, (A, (A, +--+ (A, (A, B)) + + + ))), however long, can vanish. 

4. Property P. McCoy asked and answered the question: which are the pairs 
of Xn matrices A, B, (with complex elements) for which all polynomials 
p(A, B) have as eigenvalues p(a;, B;)? Each of the following two conditions is 
necessary and sufficient. 

Condition 4.1. There exists a matrix S, such that SAS, SBS are both left 
triangular, or both right triangular. 

Condition 4.2. All matrices f(A, B)(AB—BA) are nilpotent, where f is an 
arbitrary polynomial in A and B, and nilpotency of a matrix X means that X*=0 
for a certain integer r. 

A special case of McCoy’s theorem was pointed out recently by H. Schneider, 
namely, if AB=0 and BA 0. Then AB—BA = —BA and (—BA)?=0, further 
A(BA)=0, (B(BA))?=0. Hence, by Condition 4.2, such a pair qualifies, and 
from Condition 4.1 it follows that a matrix S exists such that S~'AS, S-'BS are 
both triangular. 

Another example of pairs of matrices with property P was used by A. 
Brauer. Let A be any Xn matrix and v one of its eigenvectors. Let B be an 
nm Xn matrix of rank 1 whose columns are all multiples of v. Then »—1 of the 
eigenvalues of A+B coincide with »—1 eigenvalues of A. One reason for this 
is that B has n—1 eigenvalues zero. Further it can be shown that A and B have 
property P. For, let SAS be triangular with the eigenvalue corresponding to 
v in the upper left corner. Then v goes over into Sv which is the vector 
(1,0,---+, 0). Hence SBS— is triangular too, with n—1 zeros in the main di- 
agonal. 
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5. Property L. We obtain a larger class of matrices if we do not assume that 
all polynomials p(A, B) have as eigenvalues p(a;,8;), but only that a subset has 
this property. We may assume, for example, that all \A +uB have as eigenvalues 
ha;+puB;:, where X, w are arbitrary, complex numbers. Such a pair A, B is said to 
have property L. We now obtain a larger class of matrices if nm >3 (for n=2 the 
classes coincide). For example, 


—2 1 2 
2 B= |-1 -2 -1 
0 0 3 


have eigenvalues, 1, 2, 3, and —2, —2, 1. However, AB does not have the eigen- 
values 1 or —2. On the other hand, it can be shown that the pair A, B has prop- 
erty ZL. Another example is 


0 1 0 0 0 O 
0 0 0 0 1 O 
In this case all matrices \A +uB have all eigenvalues 0, but 
0 
0 0 0 


has some eigenvalues #0. 

If, however, A and B are both normal, then it is true that AB=BA if we 
assume only that AA+yB have all eigenvalues A\a;+y6;. This was proved by 
Wiegmann and Wielandt. Wielandt proved it from the following more general 
theorem: 

Let A, B be normal and let y;{z) be the eigenvalues of A+2B and assume that 
| -y«(z)| | +28;| 2 for at least three values of 2 which are the vertices 
of a triangle in the z-plane which contains O in the interior. It follows that AB=BA. 

We, of course, assume much more, namely, that y;(z) =a;+2(; for all values 
of z. 

6. Matrices in A+zB with multiple eigenvalues. In the previous section we 
treated the matrices for which all \A +yuB have eigenvalues \a;+y6;, and again, 
we can point out a larger class. 

This can be done in a way that is easily described for n =2. Here a pencil 
of matrices A+zB has either all matrices with a double eigenvalue, or exactly 
two, or exactly one. There is no other possibility. If the pair A, B has property 
L, then it is very easy to see that either all matrices have a double eigenvalue, 
or exactly one does. However, the converse of this is true too. For »>2 either 
all matrices in the pencil have a multiple eigenvalue or at most m(n—1) do. If, 
however, the pair A, B has property L, then either all matrices in the pencil 


) 
| 
1 

~ 

4 
9 
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A+B have a multiple eigenvalue or at most m(m—1)/2 do. The converse of 
this is not true, as is seen by the pair 


0 1 2 
0 0 0 —1 -—2 


Here both A and B have a triple eigenvalue 0, but A+B is nonsingular, so that 
property L does not hold. On the other hand, the matrices A and B are the only 
ones in the whole pencil AA +yB which have a multiple eigenvalue. However, a 
partial converse is true even for »>2. 

7. Diagonable pencils. In a discussion of multiple eigenvalues we must con- 
sider eigenvectors too. We know, for example, that if all matrices A+2B have 
the full number of eigenvectors (7.e., if for all finite values of z and z= «, the 
matrix A+B is similar to a diagonal matrix), then AB=BA. If, in the whole 
pencil, even a single matrix is not similar to a diagonal matrix then AB need not 
be equal to BA. This is shown by the example, 


On the other hand, if AB=BA, then the pencil A4+2B contains either only 
diagonable matrices, or none, or exactly one. For m =2 the case of “none” never 
happens. For »=3 an example of a pencil with no diagonable matrices apart 
from 0 is given by 


01 0 001 
0 1], B= 0 O|. 
0 00 0 
A pencil with only one diagonable matrix is given by 


0 0 0 B 
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POWER SERIES EXPANSIONS FOR INVERSE FUNCTIONS 
J. S. FRAME, Michigan State University 


1. Introduction. Numerical values for all the roots of a trinomial equation 
such as 


(1.1) — 3c+1=0, 


may be obtained from convergent “inverted” power series. To solve (1.1) we 
may rewrite it in the following forms, 


(1.2a) w? = 2°(1 + 2-3), where w? = 3, 
(1.2b) w = 2(1 — 27/3), where w = 3-!, 


and then invert each of these by a method to be explained below which yields 
the “inverted” power series 


(1.3a) 
= w— — — — 105-2-7w-"! — 3-2-!w- 
— 3003-2-1y-17 — 
= 1 —2k-1 3k 
s=w (—3-1w?)* = (3-1 w?) 
2k+1 ( k ) 2k+1 
(1.3b) kao 2k + 2k + 


w + + + 4-3-2w? + 55-3-4w9 + 91-3-Aw 
Series (1.3b) converges for the value w=3-! from (1.2b) to the “small” root: 
(1.4b) 2: = 3-1 + 3-4 + 3-6 + 4-3-9 + 55-3-13 + 91-3-18 + - - - = 0.347296 ---, 


whereas (1.3a) converges for each of the two values w= +31/? from (1.2a), and 
yields the numerically larger roots z, and 2; of the given equation (1.1): 


22, 23 = + 3/1 — 6-2/2 — 105-6-8/2 — 3003-6-9/2 
— 415701-6-12/8 — ---) — z,/2 


(1.4a) 
= + 1.705737 --- — 0.173648 --- = 1.532089 or — 1.879385. 


The inversion of the functions w=f(z) in (1.2a) and (1.2b), by using the 
series (1.3a) and (1.3b) respectively, is a special case of a much more general 
theorem on the inversion of power series. The theorem is not very well known 
and, as stated here, it is new in form and generality. References to similar re- 
sults will be given later. We shall prove the theorem in Section 2 by a simple 
and direct method involving contour integration, and we shall specialize it in 
Section 3 to obtain convergent series for all the roots of the general trinomial 
equation. 

There are many other applications of the inversion formula including, for 
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example, finding the roots of Bessel functions, and deriving Stirling’s formula 
with remainder for the Gamma function. 


THEOREM 1. For any nonzero integers p, q, S, let w=f(z) and z=g(w) be inverse 
functions defined for z* near 0 (that is, for 2 near 0 when s>0 and for 1/z near 0 
when s <0) by the convergent power series 


(1.5) w? = 2?[1+ a(z)], where a(z*) = > az", 
k=1 
(1.6) 2? = w[1+ B(w*)], where B(w*) = > b.w*, 


k=1 


and assume that w/z=(1+«a)"/? is that pth root of 1+a@ that is near 1 when 
a=a(z*) is small. 

Then the coefficients by in the inverted power series (1.6) are given explicitly as 
polynomials in the coefficients a, of (1.5) by the inversion formula 


q 
1.7 = 
where the af are homogeneous polynomials of degree r in ai, - « - , dx, defined im- 


plicitly by 


k=1 
and defined explicitly as the sum of all ordered products of r factors in which the 
sum of subscripts is k. 
For example, for k=6, r=3 the coefficient ay? is 


(1.9) a = + 6a;a2a3 + as. 


Inversion formulas essentially equivalent to (1.7) have been given by Polya- 
Szegé [6] and Kamber [3] with proofs based on the Biirmann-Lagrange formula 


(1.10) F(z) = F(0) + | | , if w = 2/9(2). 

Kantz [4] recently gave a somewhat lengthy derivation (for p=g=s=1) 
based on determining successive derivatives of z with respect to w in terms of 
derivatives of w with respect to z. Both Kamber’s determinant formulas and 
Kantz’s formulas with partitions and factorials seem unnecessarily complicated 
for easy use. 

2. Proof of the inversion formula. Choose any circle C, center at the origin 
in the z-plane, whose image in the w-plane under the mapping (1.5) is a simple 
closed curve C’ that winds once around the origin in the w-plane. For positive 
s such a C can be found with a radius chosen small enough so that both | a(z*)| 


= 
| 
| 


a 
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<1 in and on C and | (w*)| <1 in and on C’. For negative s, a circle C of suff- 
ciently large radius can be chosen so that |a(z*)| <1 outside and on C, and 
| 8(w*)| <1 outside and on C’. 

Upon integration of z*-' around C for k¥0, the integrated function 2*/k 
returns to its original value after a circuit, and the integral vanishes. However, 
for k=0 the integrated function In z=In r+76 increases by 277. Similar results 
hold when integrating w*~! around C’ in the w-plane. This proves an important 
and well-known result for contour integration, namely: 


1 if k=0, 1 


1 
(2.1) — { — w'dw= { 
0 if k #0; 


1 if k= 0, 
0 if k¥0. 


Using (2.1) we can extract the coefficient b, from (1.6) by dividing 1+8 
=(z/w)* by w***! and integrating the resulting series term by term: 


1 
(2.2) — |] = dy. 
Cc’ 


We move from the curve C’ in the w-plane to the curve C in the 2-plane by 
changing the variable of integration from w to z. Then we perform an integra- 
tion by parts in which the integrated term 2¢w-**-*/2mi(ks+q) drops out when 
evaluated around C. 


= *-2-1(dw/dz)dz = +— 
2.3 b 0 'dz, 


Next we replace w by its value 2(1+-a)"/? from (1.5) and use the binomial ex" 
pansion: 


bh. = 


1 8) |—(ket+@)/ pg—ke—1 


Finally the expression in braces is seen to be af, when the defining equation 
(1.8) is substituted and (2.1) is applied. This af? vanishes for r=0 and for r>k, 
so the summation over r can be restricted to values from 1 to k. This completes 
the proof of the inversion formula (1.7). 

3. Solution of the trinomial equation. Equation (1.1) is a special case of the 
general trinomial equation. 


(3.1) at + Aw+AB=0 (A, positive integers, AB 0). 


(2.4) 


For purposes of symmetry it will be convenient to define C and v by the equa- 
tions 
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(3.2) ABC=1, rA+ut+r=0, 
and to define a, 5, c as selected roots of the equations 
(3.3) @a=-A, ce=-C. 


Then instead of equations (1.2a) and (1.2b) we use the following three equivalent 
ways of writing (3.1) in forms like (1.5): 


(3.4a) w= @=2(1+2/C) = -A, 
(3.4b) w = = = — B, 
(3.4c) w=c=27(1+ 2/B) = -—C. 


Each of these three equations is a special case of (1.5) in which all coefficients 
a, except a; vanish, and hence the a{” all vanish except af? =a}. Thus the & in 
(1.7) each reduce to the single term for r=k, and we find from (1.6) the follow- 


ing inverted series: 


(3.5a) ( for | R| <p, 
k=o RV q 

(3.5b) > ( for |R| <p, 
k=0 q 
—(k 

(3.50) ( ( for | R| >, 
RUT 


where the quantities R and p that appear in the convergence conditions are 
given by 


(3.6) p = > 0, (—1)"R = = = C*B”, 


Either | R/p| <1, and we find (below) by the mth root test that the two 
series (3.5a) and (3.5b) both converge and yield respectively \ and yu roots of 
(3.1) corresponding to different choices of a and 6d in (3.3); or | R/p| >1, and 
series (3.5c) converges for each of A+ values of c defined by (3.3). Thus in 
every case all the roots of the general trinomial equation (3.1) are given by 
convergent series. 

In applying the mth root convergence test to the series (3.5a), (3.5b), (3.5c) 
it is convenient to use a lemma that may be proved by using Stirling’s formula 
for the Gamma function. 


(3.7) LEMMA. lim 


no n 


nx + » - 

(x 
Applying this to (3.5a) with k=n, we find that the limit of the absolute value 
of the mth root of the mth term is L,, where 
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Corresponding test limits for (3.5b) and (3.5c) are | R/p |" and | R/p| 1”) and 
these limits are less than 1 respectively when | R/p| <1 and when | R/p| >1. 
For the case R/p| =1 it can be shown that all three series (3.5a, b, c) converge, 
but the convergence is slow and the series are not very useful for computation 
in this case. 

The use of the two series (3.5a) and (3.5b) has already been illustrated in 
the series (1.3a) and (1.3b) of Section 1. Let us now illustrate the other case, 
when series (3.5c) converges to give all the roots, real and complex, of a tri- 
nomial equation such as 


(3.9) 2° + 102? — 20 = 0. 


Here the values of the exponents and coefficients are as follows: 
(3.10) w=2, v= —5, p= = 108/3125, 
—A=-—10, = —B=2, c5=—C=1/20, 


In the solution of (3.9) using the series (3.5c), the letter c stands for any 
one of the five fifth roots of 20, of which one is 1.82056. We may first expand z 
in powers of c, and then replace c by 20 wherever it occurs. Thus the five roots 
of (3.9) are given by 


1 (2k + 1)/5 
k 
c — c8/10 + 0 + c7/108 + 


| 


) 2)-* 


(3.11) 
— — 56c!#/107 + 0 + 234c!7/109 + 308c!9/10" 
— 6688c?!/10!? — 23868c??/10% + O+.---, 
ze = 0.9916c — 0.1027c? + 0.0222c? + 0.0023c*, where = 1.82056e?**#/5, 


1.8053e — 0.6196e* + 0.0729e? + 0.0253e4, where = e?**#/5, 


Taking e=1, we obtain the real root 1.2846. The imaginary roots are found to 
be 1.0072 + 2.10037 and —1.6495 + .38557. 
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THREE HYPERBOLAS ASSOCIATED WITH A TRIANGLE 
N. A. COURT, University of Oklahoma 


1. Preliminaries. a. If a conic (q) is circumscribed about a triangle (T), the 
triangle (T7’) formed by the tangents to (g) at the vertices of (7) may be called 
the tangential triangle of (T) for (q). 


b. THEOREM. A triangle (T) and its tangential triangle (T’) for a conic (q) 
are in perspective; the center of perspectivity M and the axis of perspectivity m are 
pole and polar with respect to (q) [1]. 


Moreover, the point M and the line m are trilinear pole and polar for each of 
the two triangles (T) and (T"’), as is readily verified. 

The point M and the line m will be referred to as the Lemoine point and the 
Lemoine axis of (T) for the conic (q). 

c. Note. Given the triangle (J), and one of the three elements, M, m, (q), 
the remaining two are determined. This is an immediate consequence of the 
preceding article. 


d. THEOREM. Given a triangle (T), the locus of the trilinear poles, for (T), of 
the lines passing through a fixed point M is a conic (q) circumscribed about (T) [2]. 


The given point M is the Lemoine point of (7) for (q). 

e. Conversely, a conic (q) circumscribed about a given triangle (T) is the locus 
of the trilinear poles, for (T), of the lines passing through a fixed point, namely, the 
Lemoine point of (T) for (q). 


2. The isotomic transformation. 


a. THEOREM. [f a point describes a straight line u, its isotomic, conjugate point, 
for a given triangle (T), describes a conic (q) circumscribed about (T) [3, p. 125]. 


Moreover, the Lemoine axis of (T) for (q) is the isotomic (or reciprocal) trans- 
versal u’ of u for (T). 

Conic (gq) may be called the tsotomic conic of line u for (T). 

b. Conversely, a conic (q) circumscribed about a triangle (T) is the isotomic 
conic of a straight line, namely, of the isotomic conjugate u, for (T), of the Lemoine 
axis u’ of (T) for (q). 

c. The two preceding propositions (Sections 2a, 2b) gain in interest when 
the line u coincides with its own isotomic conjugate transversal. There are four 
such lines in the plane of a triangle (JT), namely, the three sides of the medial 
triangle (T’) =A’B’C’ of (T), and the line at infinity of the plane of (7). The 
trilinear poles, for (7), of these four lines are the respective vertices of the anti- 
complementary, or more briefly, an-ry, triangle (T’’) =A’’B’’C” of (T), and the 
common centroid G of the three triangles (T), (T’), and (T”’). 

Of these four lines, the line at infinity 7 seems to be the only one whose iso- 
tomic conic with respect to (J) has been considered [6]. 
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If the Lemoine axis of a triangle (J) for a conic (£) circumscribed about 
(T) coincides with the line at infinity i, the tangential triangle of (J) for (£) 
coincides with the an-ry triangle (T’’) of (JT). Hence, the isotomic conic (£) of 
i = (T) coincides with the circumscribed minimal (or Steiner) ellipse (EZ) of (T) 

5]. 

d. Moreover, the Lemoine point of (T) for (£) is the trilinear pole, for (7), 
of the Lemoine axis i of (T) for (E) (Section 1b), that is, the centroid G of (T). 
We have thus the following property of (EZ) (Section 1d): the trilinear poles, 
for a triangle (T), of the lines passing through the centroid of (7) lie on the 
circumscribed minimal ellipse of (T). 

Observe that the Lemoine point G of (7) for (E) (Section 1b) is also the pole 
of the Lemoine axis 7 for the conic (EZ) (Section 1d). Hence, the point G is the 
center of the ellipse (£). 

In what follows we shall consider the isotomic conics, for (J), of the other 
three self-conjugate isotomic transversals of (T). 

3. A circumscribed hyperbola. a. The isotomic conic (H,), for (7), of the 
self-conjugate isotomic transversal B’C’ which joins the midpoints B’, C’ of 
the sides AC, AB of (T) has the following two properties (Section 2): 

(1) The conic (H.) is the locus of the isotomic conjugate points, for (T), of the 
points of B’C’. (2) (Ha) is the locus of the trilinear poles, for (T), of the lines pass- 
ing through the vertex A’ of the an-ry triangle (T"’) of (T). 


IN 
b. The conic (H,) is circumscribed about (7) and the line B’C’ is the 
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Lemoine axis of (TJ) for (H,) (Sections 3a, 2c), that is, the tangents to (H,) at 
the vertices of (JT) pass through the traces of B’C’ on the respectively opposite 
sides of (J). Hence, the conic (H,) is tangent to the medians BB’, CC’, of (T), 
passing through the vertices B, C, while the tangent to (H,) at A is the side 
B’C” of the an-ry triangle (T”’) of (T). 

We shall refer to the point A as the principal point of the conic (H,). 

c. The points B’, C’ obviously lie inside the circumscribed Steiner ellipse 
(E) of (T) (Sections 2c, 2d). Hence line B’C’ meets (£) in two real points Ja, Jd. 
The isotomic point J, of J, for (T) lies on the conic (H,) (Section 3a) and on the 
line at infinity (Section 2c). The same is true for the isotomic J} of Jj, and it fol- 
lows that (H,) has two real points at infinity. Hence, the isotomic conic (H,) for 
(T) of the self-conjugate isotomic transversal B’C’ is a hyperbola. 

d. The median AGA’ of (T) passes through the center G of the ellipse (£) 
(Section 2d). Now the chord J.J; is parallel to the tangent B’’C” to (E) at A. 
Hence the midpoint of J.J} is the trace Ao, on J.J}, of the median AGA’, which 
point is also the midpoint of the segment B’C’. Consequently, lines AJ,, AJ will 
meet the parallel BC to B’C’ in two points symmetrical with respect to A’, that 
is, lines AJ,, AJ? are a pair of isotomic lines for the angle A of (J). Therefore 
line A J, passes through the isotomic conjugate point J, (Section 3c) of the point 
J, for the triangle (J). Similarly, line AJ, passes through the isotomic point 
Ii of Jd for (T). Consequently (Section 3c), the two lines AJ,, AJ¢@ are a pair 
of asymptotic directions of the hyperbola (H,). 

Note. The points Jz, J? may be located, without drawing the ellipse (£), 
as follows. The tangents to (EZ) at points A, B meet in point C’” (Section 2c). 
Hence the polar, for (E), of the midpoint C’ of AB passes through C” and 
through the point at infinity of AB, that is, the polar of C’ for (£) is the parallel 
to AB through C’’. The trace U of that polar on line B’C’ is the homologous 
point of C’ in the involution (J) of conjugate points, for ellipse (Z), on line B’C’. 
The center of (J) is the point Ao, and points Jz, Jj are the double elements of (J). 
Hence (AoJa)?=(AoC’)(AoU). On the other hand, C’/U=AC” =BC=4(A,C’). 
Therefore, Ap) U=5(AoC’) and AJa=AJd =V/5(AvC’). 

e. Let E,=(B’C’, AB”), Ed =(B’C’, A” C”). Point E, is the midpoint of 
CB”, and AB is parallel to A’’B’’. Hence the pencil B(CE,B’’A) is harmonic, 
and its section (A’AiGA) by AA” is likewise harmonic. Thus the point A, 
=(BE,, AG) is the harmonic conjugate of A with respect to the pair of points 
G, A’. 

Now the tangents BB’, CC’ to (H,) at points B, C (Section 3b) intersect in 
point G. Hence BC is the polar of G for (H,) and, since point A lies on (H,), 
point A, lies on the hyperbola (H,). 

Observe that point A; is the point of intersection of the diagonals BE,, CE/ 
of trapezoid BCE,E,. 

f. Point C is the midpoint of A’’B” and line AB is parallel to A’’B”’, whence 
C’(A’’CB" A) is a harmonic pencil. It follows that the range (A’’A»0,A), which 
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this pencil determines on the transversal AA’’, is also harmonic. Thus the point 
0.=(C’B", AGA") is the harmonic conjugate of A” for the points A, G. 

Now the polar BC, for (H,), of point G (Section 3e) is parallel to the tangent 
BC” of (H.) at point A (Section 3b). Hence AGA” is a diametral line of (H,). 
On the other hand, lines BA,E,, C’O,B” are parallel, and C’ is the midpoint of 
AB. Therefore, in triangle ABA;, point O, is the midpoint of side AA:. Hence 
O, is the center of (H,) (Section 3e). Consequently, 

(1) The center of the hyperbola (H,) is the harmonic conjugate, with respect to 
the principal point of (H.) and the centroid of (T), of the vertex of (T’’) which cor- 
responds to the principal point of (H,). 

(2) Point A, (Section 3e) is the diametric opposite of the principal potnt of 
(H,) on this conic. 

Observe that the center O, of (H,) is the point of intersection of the diagonals 
C’B”’, B’C” of trapezoid B’B’’C’’C’. 

g. We have (Section 3f), —1=(A’’"GO,A) =(AO,GA”). If the latter harmonic 
division is compared with the harmonic division (A’A,GA) (Section 3e), it is seen 
that the three pairs of points A’, A; G, G; A, A” are corresponding elements in 
the homothecy (G, —1:2) which transforms triangle (7) into its an-ry triangle 
(T’’). Now the biratio (that is, the anharmonic ratio) is invariant under a 
homothecy, hence the fourth pair of points A1, O, are also homologous elements 
under the homothecy. Consequently, the diametric opposite of the principal 
point of the hyperbola (H,) and the center of this conic are corresponding points 
in the homothecy (G, —1:2). 

A numerical verification of this proposition may be readily obtained. In tri- 
angle (JT) we have AG: AA’ =2:3, and hence A1G:A,A’ =2:3 (Section 3e). Thus, 
if we put A,1G=2, we have successively, 

A,\A’=3, GA’ =2+3=5, AG = (2)(5) = 10, 
AA, = 10+ 2 = 12, O,A; = 12:2 = 6, GO, = 6—2 = 4, 
GA,;:GO, = 2:4 = 1:2. 
That this last ratio is negative is evident in the figure. 

h. (1) The lines drawn through the center O, of (H.) (Section 3f) parallel to 
the lines AJa, AJd (Section 3d) are the asymptotes of the hyperbola. They meet 
side BC of (T) in two isotomic points. 

Having located the asymptotes, the axes of (H,) are obtained by drawing 
the bisectors of the angles formed by them. 

(2) Let Ra be the fourth common point, besides the vertices of (T), of (Ha) and 
the circumcircle (O) of (T). This point is the analog, for (H.), of the Steiner point 
R of the Steiner ellipse (E) [4]. The isotomic of R, is the point of intersection of the 
line B'C’ with the Longchamps axis of (T). 

(3) The trilinear polar of Ra, for (T), joins the Lemoine point of (T) to the 
vertex of (T”). 

4. Two other hyperbolas. The hyperbola (H.) has been obtained as the 
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isotomic conic of the self-conjugate isotomic transversal B’C’ for (TJ) (Section 
3a). 

Considering the two remaining, analogous transversals C’A’, A’B’, two analo- 
gous hyperbolas (H,), (47.) are obtained. These conics are circumscribed about 
(T), are tangent at the vertices B, C, respectively, to the sides C’A’”’, A’ B” 
of the an-ry triangle (T”’) of (7), and tangent to the medians of (7) at the re- 
maining pairs of vertices of (7). 

The centers, asymptotes, efc., of these conics are obtained in the same way 
as the corresponding elements were obtained for the hyperbola (H,). The ex- 
plicit formulation of the corresponding propositions and their proofs offer no new 
difficulties and are omitted. 

In what follows, some relations of the three conics to one another and to the 
circumscribed Steiner ellipse (E) of (7) will be considered. 

5. Three circumscribed hyperbolas. a. The two hyperbolas (H;), (H.) pass 
through the vertex A of (T) and are tangent at that point to the median AA’ of 
(T); hence the two conics have no point in common, besides the vertices of (T), 
and this is true also for the pairs of hyperbolas (H,), (H.); (Ha), (Hb). 

Both the hyperbola (H,) and the Steiner ellipse (Z) are circumscribed about 
(T) and touch side B’’C” of the an-ry triangle (T’’) of (T) at point A. It follows 
that these two conics have no other point in common, and a similar statement 
holds for (Z) and each of the two hyperbolas (H,), (H.). Consequently, each of 
the four conics (H,), (Hz), (H-), (E) is tangent to the remaining three, and no 
two of them have a point in common, except the vertices of the triangle (T). 

Observe that if (J) is an equilateral triangle, its circumcircle (O) is tangent 
to the sides of the an-ry triangle (T’’) of (T) at the vertices of (J), whence the 
Steiner ellipse (EZ) coincides with (O). The three hyperbolas (H,), (Hy), (H.) are 
congruent, and a rotation of the entire figure about an angle of 120°, using the 
center of (O) for center of rotation, will bring the figure into coincidence with 

itself. The esthetic qualities of the figure may be worthy of the skill of a drafts- 
man. 

b. The triangle 0,0,0. formed by the centers O., Os, O. of the hyperbolas 
(H.), (Hy), (H-) will be referred to as the central triangle of the three conics and 
will be denoted by w. 

The center O, lies on the segment GA (Section 3f), and we have GO,:GA 
=2:5 (Section 3g). Similarly, GO,:GB =GO,.:GC=2:5. Therefore, the central 
triangle of the three hyperbolas (H,.), (Hy), (H-) is homothetic to the basic tri- 
angle (T). 

The center of the homothecy is the centroid G of (T); hence the point G is 
also the centroid of w. 

The point G is also the center of the ellipse (EZ) (Section 2d). Hence the above 
proposition may be stated as follows: 

The center of the Steiner ellipse is the centroid of the central triangle of the three 
hyperbolas considered. 
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c. Let (71) =A1B,C, denote the triangle formed by the point A; (Section 3f) 
and its analogs B,, C; for the hyperbolas (H;), (H.). By a method similar to the 
one used in connection with triangle w (Section 5b), we may obtain the following 
results: 

Triangle (T;) 1s homothetic to the given triangle (T); the center of homothecy is 
the centroid G of (T), and the ratio of homothecy is —1:5 (Section 3g); the centroid 
G of (T) ts also the centroid of (T;). 

d. Point G is the centroid of both triangle w and triangle (7,). Moreover, the 
points A;, O,, and, by analogy, the corresponding pairs of points B,, O,; Ci, O, 
for (H,), (H.), are homologous points in the homothecy (G, —1:2) (Section 3f), 
whence we conclude: The diametric opposites, on the respective conics, of the 
principal points of the three hyperbolas (H,), (Hz), (H-), are the vertices of the 
medial triangle of the triangle formed by the centers of those three curves. 

e. The preceding proposition (Section 5d) gives rise to a considerable num- 
ber of corollaries. Here is one example. 

The line 0,0, is parallel to BC (Section 5b) and therefore to B’’C’’; the latter 
line touches (H,) in the diametric opposite A of the point A: common to O,0, 
and (H,), whence the line O,0, is tangent to the hyperbola (H,). 

Analogous considerations apply to the lines O.0., O.O,. Consequently, the 
line of centers of any two of the three hyperbolas considered is tangent to the 
third hyperbola, the point of contact being the diametric opposite of the prin- 
cipal point of the latter curve. 

f. We have (Section 3g) GO,:GA =GA1:GA’=2:5, and similarly, for the 
analogous pairs of points O,, B; Bi, B’ and O., C; Ci, C’ relative to (H,) and (H,). 
Hence the figure formed by triangles w and (7;) corresponds to the figure 
formed by (7) and its medial triangle (T’) = A’B’C’ in the homothecy (G, 2:5). 
Thus, if we construct for triangle w the conics analogous to the conics (H,), 
(H,), (H-), (E), of (T), the former set of conics will correspond to the latter set 
in the homothecy (G, 2:5). In the conics so obtained we may consider the centers 
of the conics, etc. 

The same construction may be applied again to the new figure, and so on, ad 
infinitum. 

The same thing may be done in the opposite direction. We may construct 
the figure which corresponds to the figure (7), (T’), and its conics, in the 
homothecy (G, 5:2). The new hyperbolas will have for their centers the points 
A, B,C, ---. This process, too, may be repeated ad infinitum. 

g. Let R,, R. be the fourth points of intersection of (H,), (H.) with the cir- 
cumcircle (O) of (TJ). We have (Sections 3h (2) and 3h (3)): 

The four points Ra, Rs, R-, R have for their isotomic points, for (T), the traces 
of the Longchamps axis of (T) on the sides of the medial triangle (T') of (T), and 
the point at infinity of that axis; the trilinear polars, for (T), of the same four points 
are the lines which join the Lemoine point of (T) to the vertices of triangle (T’’) and 
to the common centroid G of (T) and (T”). 
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“IF THIS BE TREASON...” 
R. P. BOAS, JR., Northwestern University 


If I had to name one trait that more than any other is characteristic of pro- 
fessional mathematicians, I should say that it is their willingness, even eager- 
ness, to admit that they are wrong. A sure way to make an impression on the 
mathematical community is to come forward and declare, “You are doing such- 
and-such all wrong and you should do it this way.” Then everybody says, “Yes, 
how clever you are”, and adopts your method. This of course is the way progress 
is made, but it leads to some curious results. Once upon a time square roots of 
numbers were found by successive approximations because nobody knew of a 
better way. Then somebody invented a systematic process and everybody 
learned it in school. More recently it was realized that very few people ever want 
to extract square roots of numbers, and besides the traditional process is not 
really very convenient. So now we are told to teach root extraction, if we teach 
it at all, by successive approximations. Once upon a time people solved systems 
of linear equations by elimination. Then somebody invented determinants and 
Cramer’s rule and everybody learned that. Now determinants are regarded as 
old-fashioned and cumbersome, and it is considered better to solve systems of 
linear equations by elimination. 

We are constantly being told that large parts of the conventional curriculum 
are both useless and out of date and so might better not be taught. Why teach 
computation by logarithms when everybody who has to compute uses at least 
a desk calculator? Why teach the law of tangents when almost nobody ever 
wants to solve an oblique triangle, and if he does there are more efficient ways? 
Why teach the conventional theory of equations, and especially why illustrate 
it with ill-chosen examples that can be handled more efficiently by other meth- 
ods? As a professional mathematician, I am a sucker for arguments like these. 
Yet, sometimes I wonder. 


| 
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There are a few indications that there is a reason for the survival of the 
traditional curriculum besides the fact that it is traditional. When I was teach- 
ing mathematics to future naval officers during the war, I was told that the 
Navy had found that men who had studied calculus made better line officers 
than men who had not studied calculus. Nothing is clearer (it was clear even to 
the Navy) than that a line officer never has the slightest use for calculus. At the 
most, his duties may require him to look up some numbers in tables and doa 
little arithmetic with them, or possibly substitute them into formulas. What 
is the explanation of the paradox? 

I think that the answer is supplied by a phenomenon that everybody who 
teaches mathematics has observed: the students always have to be taught what 
they should have learned in the preceding course. (We, the teachers, were of 
course exceptions; it is consequently hard for us to understand the deficiencies 
of our students.) The average student does not really learn to add fractions in 
arithmetic class; but by the time he has survived a course in algebra he can add 
numerical fractions. He does not learn algebra in the algebra course; he learns 
it in calculus, when he is forced to use it. He does not learn calculus in the cal- 
culus course, either; but if he goes on to differential equations he may have a 
pretty good grasp of elementary calculus when he gets through. And so on 
through the hierarchy of courses; the most advanced course, naturally, is learned 
only by teaching it. 

This is not just because each previous teacher did such a rotten job. It is 
because there is not time for enough practice on each new topic; and even if 
there were, it would be insufferably dull. Anybody who has really learned to 
interpolate in trigonometric tables can also interpolate in air navigation tables, 
or in tables of Bessel functions. He should learn, because interpolation is useful. 
But one cannot drill students on mere interpolation; not enough, anyway. So 
the students solve oblique triangles in order (among other things) to practice 
interpolation. One must not admit this to the students, but one may as well 
realize the facts. 

Consequently, I claim that there is a place, and a use, even for nonsense like 
the solution of quartics by radicals, or Horner’s method, or involutes and 
evolutes, or whatever your particular candidates for oblivion may be. Here are 
problems that might conceivably have to be solved; perhaps the methods are 
not the most practical ones; but that is not the point. The point is that in solving 
the problems the student gets practice in using the necessary mathematical tools, 
and gets it by doing something that has more motivation than mere drill. This 
is not the way to train mathematicians, but it is an excellent way to train 
mathematical technicians. Now we can understand why calculus improves the 
line officer. He needs to practice very simple kinds of mathematics; he gets this 
practice in less distasteful form by studying more advanced mathematics. 

It is the fashion to deprecate puzzle problems and artificial story problems. 
I think that there is a place for them too. Problems about mixing chemicals or 
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sharing work, however unrealistic, give good practice and even have a good deal 
of popular appeal: witness the frequency with which puzzle problems appear in 
newspapers, magazines, and the flyers that come with the telephone bill. There 
was once a story in The Saturday Evening Post whose plot turned on the interest 
aroused by a perfectly preposterous diophantine problem about sailors, coco- 
nuts, and a monkey. It is absurd to claim that only “real” applications should 
be used to illustrate mathematical principles. Most of the real applications are 
too difficult and/or involve too many side issues. One begins the study of French 
with simple artificial sentences, not with the philosophical writings of M. Sartre. 
Similarly one has to begin the study of a branch of mathematics with simple 
artificial problems. 

We may dislike this state of affairs, but as long as it exists we must face it. 
It would be pleasant to teach only the new and exciting kinds of mathematics; 
it would be comforting to teach only the really useful kinds. The traditional 
topics are some of the topics that once were either new and exciting, or useful. 
They have persisted partly by mere inertia—and that is bad—but partly be- 
cause they still serve a real purpose, even if it is not their ostensible purpose. 
Let us keep this in mind when we are revising the curriculum. 


NON-LINEAR RECURRENCE RELATIONS FOR CERTAIN 
CLASSICAL FUNCTIONS 


M. S. WEBSTER, Purdue University 


Let { fa(x) } be a sequence of functions. The combinations (f,/)*—f,f,’, 
(fn )*—frsflss, and f2—fnsfn4i1 have appeared in recent papers. We consider 
some relationships involving these functions, when { falx)} is the sequence of 
ultraspherical, Hermite, and generalized Laguerre polynomials using Szegé’s 
[1] notation and the Bessel functions of the first kind. 


THEOREM 1. If f,(x) is a polynomial of degree n, fo(x) =1, fi(x) =2Ax, and 
(1) (1 — — = + 2d)fa — (m+ 1)(m + 20 — 


for each n=1, where d is not of the form — (n—1)/2,n=0,1,---, then f,(x) 
=P (x) =P,(x) forn=0,1, -- - , where { } is the sequence of ultraspherical 
polynomials.* 


Proof. It may be verified directly that f2(x)=P2(x). Assume that f,,(x) 
=P,,(x) for 0Sm <n where n=2. Then 


* This theorem is a generalization of a result of Carlitz [2]. 
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(2) (1 — 2) — = n(n + 20) — 1)(n + 20 — 1) 


Let fngi(x) = +g(x) where g(x) is a polynomial of degree Sn+1. Sub- 
stituting in (2) and using the fact [3] that {P,(x) } satisfies (1), we obtain 


(3) (1 — = (n + 1)(n + 20 — 1)Poag. 


By comparing the coefficients of x" in (3), one sees that the coefficient of 
x™+1 in g(x) is uniquely determined and so g(x) is of degree Sm. Since (1 —x?)Pi_, 
and P,-1 have no polynomial factor of degree 21, it follows from (3) that 


g(z) = C(n + 1)( + 20 — 1)Pa, 

where C is a constant. If C0, this gives 
(1 — — = (m + 1)(m + 2 — 1) Pat, 

which, together with the known [1] differential equation 

(1 — x*) Phy — (2h + + (m — 1)(n + 2 — = 0, 
gives a contradiction. Hence C=0, fn41(x) =Pn4i1(x) and the theorem is proved. 

THEOREM 2. If fo(x) =1, fi(x) =2Ax, and 
(4) (1 — — fafa'] 
= n(n + 2d)fa — (nw + 1)(m + 2X — 1) — — 2 


for each n=1, where d is not of the nan — (n—1)/2, n=0, 1, , then f,(x) 
= P™ (x) =P, (x) for n=0, 1, 


Proof. Since [4] the sequence tea satisfies (4), and (4) determines f,41 
uniquely in terms of f,-1 and f,, the theorem follows. 


THEOREM 3. Jf fo(x) =1, fi(x) =2Ax, and 
(1 — 2*)*[(fa)? — fafa 
= n(n + 20+ — (m+ 1)(m + 20 — — (m+ 20 — 1) 


for each n=1, where d is not of the form — (n—1)/2,n=0,1,---, then f,(x) 
(x) =P,(x) forn=0,1,---. 


Proof. Since [1] we have (1—x*)P,) = —nxP,+(n+2—1)P,-1, then, in 
view of Theorem 2, 


(1 — x*)*[(P,)? — PaPn 
= n(n + 2+ — (m+ 1)(m + 2 — — + 2d — 


The remainder of the proof is similar to that in Theorem 2. 


‘ 
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THEOREM 4. If fo(x) =1, fi(x) =2x, and 


(5) — = fa — 


for each n=1, then f,(x) =H,(x) forn=0,1,-- +, where {H,(x)} is the sequence 
of Hermite polynomials. 


Proof. Since [5, 6] the sequence { H,(x)} satisfies (5), the proof is similar to 
that in Theorem 2. 


THEOREM 5. Jf fo(x) =1, fi(x) = —x+a+1, and 
(6) x — fafe’] = n(n + — (nm + 1)(m + 


for each n=1, where a is not a negative integer, then f,(x) =L@(x)=L,(x) for 
n=0,1,---, where {L,(x) } 1s the sequence of generalized Laguerre polynomials. 


Proof. Since [4] the sequence { L,(x) } satisfies (6), the proof is similar to that 
in Theorem 2. 


Note that equation (6) may be written in the form [4] 
fafn'] + = (n+ 1)(n + @) [fa — 
Since (L,’)?—L,L,/’ >0 by [6], it follows, as is known [3, 4], that 
n(n + a+ — (n+ 1)(m + = 0, 
ifa>0. 
THEOREM 6. If f,(x) is a polynomial of degree n, fo(x) =1, fi(x) = —x+a+1, 
and 
(7) x[(fa)’ — fa-afasi] = — (m+ + 
for each n=1, where a is a constant, then f,(x) =L& (x) =L,(x) forn=0,1,°--. 
Proof. We first use [1] the relations 
(8) = — (n + a) = (m+ — tati— 
(9) nL, = (—x+ 2n+ a — — (n+ @ — 1)Lq-2, 


to show that {L,(x)} satisfies (7). 
Let E=x[(L,/)?—L,4L,/,:]. Then, by (8) and (9), 


xE = [nL, — (n+ 
— — (n+ — + — (n + a+ 


= n(2n+at — [(n + a)(3n + a+ 1) — (n+ a+ 
+ (m+ a) — n(n + + (m+ 1)(n + — 
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We replace (n+a)L,-: by its value obtained from (9) after m is changed to +1. 
This gives 


(n + a)E = [(n + 1)(n + — + (n + 1) Lag 
+ [n+ 1][x — (2n + + 2) 


In the terms with the variable coefficients, namely, —x12+(n+1)xL,La41, we 
replace the factor xL, by its value obtained from (9) after m is replaced by n+1. 
We obtain which shows that { L(x) } satis- 
fies (7). 

We are now ready to prove the theorem. It may be verified directly that 
fe=L2. Assume that fm(x) =L,(x) for where n22. 

Then, 


Let fn4i(x) = Ln4i(x)+2(x), where g(x) is a polynomial of degree Sn+1. Sub- 
stituting in (10) and using the above result that {L,(x)} satisfies (7), we find 
that xL,/_1g’ = (n+1)L,»-1g; this shows that if Cx* is the term in g which involves 
the highest power of x, then C=0. Hence g(x) =0 and fagi=LZn4i. 


THEOREM 7. If fo(x) =Jo(x), fi(x) =JSi(x), and 


(11) = = alfa — + 


for each n=1, then f,(x) =J,(x) for n=0, 1, - ++, where J,(x) ts the Bessel func- 
tion of the first kind of order n. 


Proof. Since [4] the sequence {J,(x)} satisfies (11), the proof follows as in 
Theorem 2. 
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MATHEMATICAL NOTES 
EpITED By IVAN NIVEN, University of Oregon 


Material for this department should be sent to Ivan Niven, Department of Mathematics, 
University of Oregon, Eugene, Oregon. 


ELEMENTARY PROOFS OF THE COMMUTATIVITY OF /-RINGS 
YaQus, Purdue University 


1. Introduction. A p-ring, first introduced by McCoy and Montgomery [2], 
is a ring with unit* 1 satisfying a@?=a, pa=0 (p prime). The object of this note 
is to give some elementary proofs of the following 


THEOREM 1. A p-ring is commutative. 


First proof. Since x? =x in ap-ring, we immediately obtain (compare Lemma 1 
of [1]) —xP—ly)? = — yx?-1)2=0, and this implies 


(1.1) = = 


Since x? =x and x?~' is in the center, it is apparent at once that 


(1.2) (xy — = xy — yx) = xy — yx. 

Since this is true for every x and y, it remains true if x is replaced by x +7, where 

i=1,---+,p—1. Since, however, xy—yx is unchanged under this replacement, 

it follows that 

(1.3) (x + i)?" xy — yx) = xy — ya (§=0,---,p— 1). 
Now, an elementary number-theoretic result states that, since p is prime, 

(1.4) (x + 1)(x + 2)--- (e+ (p — 1)) = + (p — 1). 

Since pa =0, a combination of (1.3) and (1.4) gives 

(1.5) (x + 1)(x+ 2) +++ (e+ (p—1))(xy — yx) = 0. 


Replacing, in (1.5), x by x +1 we obtain 
(x + 2)(% + 3) +--+ (x + (p — 1))a(xy — yx) 
= x(x + 2)(% + 3)--- (a+ (p — 1))(xy — yx) = 0. 
Subtracting (1.6) from (1.5), we get 
(1.7) 1-(% + 2)(% + 3) (x + (p — 1))(xy — yx) = 0. 


Similarly, upon replacing x by x+1 in (1.7) and subtracting as above, we obtain 


(1.6) 


* McCoy and Montgomery do not require the existence of a unit. 
t Forsythe and McCoy [1] have already given an elementary proof of Theorem 1. In this note, 
however, the approach is quite different from [1] in being essentially of number-theoretic nature. 
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(1.8) 3)(a+4) +++ (a+ (p — 1))(xy — yx) = 0. 
Continuing this process, we ultimately obtain 
(1.9) (p — 2)'(x + (p — 1))(xy — yx) = 0. 
Now, replacing again x by x+1 in (1.9), we get 
(1.10) (p — 2)!x(xy — yx) = 0. 


Subtracting the last two equations, and making use of (p—1)!=p—1 ina p-ring, 
we obtain (p—1)(xy—yx) =0. Hence xy—yx=0, xy=yx, and the theorem is 
proved. 

Second proof. This proof uses some of the results of the first proof. Thus, 
using (1.3), (1.1) and (1.4), we obtain 


xy — yx = (xy — yx)? 
= — yx)}{(x + — yx)} + (p — (ay — y2)} 
= {x(x+1)--- (p— 1))}? (xy — yx)? = 0. 


Hence xy = yx, and the proof is complete. 


In conclusion, I wish to express my gratitude to the referee for his valuable 
suggestions, 
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ON THE NOTE “ON THE PROPAGATION OF ERROR BY MULTIPLICATION” 
BY PERRY AND MORELOCK 


WILi1AM Kruskal, University of California and University of Chicago 


It may be worth pointing out that the note cited in the title [1] represents 
a familiar manipulation of bivariate probability distributions. If X and Y are 
independent random variables, uniformly distributed in the intervals [a—1/2, 
a+1/2] and [b—1/2,b+1/2] respectively, then the distribution of W =X Y—ab 
may readily be found. One example of a textbook discussion of this standard 
approach is Chapter 10 of [2]. 

Assume that 1/2 Sa<b. This assumption, together with that of independ- 
ence, is implicit in the note by Perry and Morelock. The independence assump- 
tion, in particular, needs careful examination for many applications. 

The joint p.d.f. (probability density function) of X and Y is 1 for a—1/2 
Sx Sa+1/2 and b—1/2Sy<b+1/2; and it is zero elsewhere. (I use lower case 
letters for the arguments of a p.d.f. relating to the random variables denoted 
by the corresponding capitals.) If we let W=X Y—ab and Z=Y (to be wholly 
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explicit) then the Jacobian of the transformation is 1/z and the joint p.d_f. 
of W and Z is 1/z in the quadrilateral bounded by the lines z=)+1/2, 2 


=(x+ab)/(a+1/2), and zero elsewhere. Integrating out over z, one obtains as 
the p.d.f. of W: 


In (w+ab)—In [(a—1/2)(b—1/2)] for (—2a—2b+1)/45 wS(2a—2b—1)/4, 


In [(6+1/2)/(6—1/2) ] for (2a—2b—1)/4S ws<(—2a+2b—1)/4, 
—In (w+ab)+1n [(a+1/2)(b+1/2)] for (—2a+2b—1)/4S5 wS(2a+26+1)/4, 
0 elsewhere. 


And, from this, the final expressions given by Perry and Morelock may readily 
be found by integration. 

The reader of [1] may be puzzled by the fact that the graph on page 179 of 
[1] is not a graph of the function P{ E>K}, as suggested there, but rather a 
graph of the p.d.f. given in the preceding paragraph of this note. Perry and 
Morelock do not explicitly state the p.d.f.; their P{ E>K} is the complement 
of the usual cumulative distribution function. (Their E is my W.) 

Finally, the graph of [1] is slightly misleading for two reasons. First, there 
is inordinate rounding of abscissas; the points labeled —6.8, —1.3, .7, and 7.2 
could have been labeled —6.75, —1.25, .75, and 7.25, respectively and exactly. 
Second, the two slanted straight line segments of the graph are actually shightly 
curved, the left, concave down, and the right, concave up; these curvatures, 
although small, would just be noticeable on the scale of the exhibited figure. 


The editor is informed that these concavities were present on the graph submitted with the 
note; apparently they became lost during preparations for printing. 
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A CHARACTERIZATION OF THE EXPONENTIAL FUNCTION 
S. G. GuurvE, University of Chicago 


1. Introduction. If f(x) is a complex-valued, continuous function of the real 
variable x such that for every real x, y 


(1) f(x) f(y) = f(x + 9) 


then we know that either f(x) =0, or there exists a complex number a@ such that 
f(x) can be written in the form e* for all real x. Actually, as is well known, the 
condition of continuity is too stringent and can be replaced by mere measurabil- 
ity. 

However, in some practical applications, whereas continuity may be ex- 
pected, the defining condition (1) may not be readily verifiable for every possible 
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pair x, y. The author was faced with such a situation and had the following prob- 
lem: 

f(x) is a complex-valued, continuous function of the real variable x, having 
the property @ that if, for any real x and any positive integer n, k,(x) denote 
the number of distinct points in the set f(x), { f(x/2) } 3, { f(x/3) }s, roe. 
{f(x/n) }*, then k(x) Ssome finite k for all x and n. 

What can be said about f(x)? Can it, for instance, always be written in the 
form e**+8? The author has been unable to obtain the complete answer, but a 
partial solution is given in the next section. 

2. Partial solution of the problem. We shall now restrict ourselves to real- 
valued functions, and prove the following 


THEOREM. Let f(x) be a real-valued, continuous function of x20 having the 
property © defined in Section 1. Further, let f(x) >0 for some x 20. Then there exists 
a real number a such that, for all x =0, f(x) can be written in the form e**. 


Proof. Since f(x) >0 for some x, therefore f(x) >0 throughout some closed 
interval [a, b]. It will be assumed that a>0. In this interval, the function 
g(x) = [log f(x) ]/x is defined and continuous. 

For any x>ab/(b—a), there is at least one integer r such that aSx/rSb. 
Let n(x) and m(x) be respectively the smallest and largest such integers. Then 
for all such that (x) Sn<m/(x), g(x/n) =n {log f(x/n) }/x is defined. From 
property @ it follows that, however large x may be, there can be at most k dis- 
tinct points in the set 

g{x/n(x)},  g{x/[m(x) + 1]},---, g{x/m(x)}. 
But we shall show that this implies the constancy of g(x) throughout [a, b]. 

Since g(x) is continuous in [a, b], therefore, unless it is a constant, there are 
k+1 points ao, a1, - - - , ax in [a, b] such that g(a,) ¥g(a,) if rs. It follows that 
there exists a set of non-overlapping intervals Jo, - - - , J; such that J, 
C [a, b], r=0, - - -, and g(x,) ¥g(x,) if r¥s, x,EI, and x,E],. 

Now, it is easy to see that by choosing x large enough, we can find positive 
integers mo, m such that x/n,C€J,. Hence, the set g{x/n(x)}, + 
g{x/m/(x)} contains at least k+1 distinct points, which was previously seen to 
be impossible, on account of property @. Consequently, g(x) equals a constant 
ain [a, 6], so that throughout this interval, f(x) =e. 

Further, it is easy to see that f(x) #0 for all x >a. For, otherwise there is a 
c>a which is the g.|.b. of all zeros of f(x) to the right of a, and by continuity 
f(c) =0. On the other hand, if we consider any sequence of points c, in (a, c) 
such that as n—©, then we know that f(x) >0 in [a, c,], so that f(cn) 
=e%n— re as n— ©. This is impossible. Hence, f(x) has no zero to the right of 
a, and f(x) =e** for all x 2a. Ina similar manner, it can be seen that f(x) has no 
zero in (f, a), and that f(x) =e** for all x20. 


COROLLARY. If f(x) is a real-valued, continuous function of the real variable x 
having the property @, then one of the following alternatives must hold: 
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(a) f(x) =0; 

(b) f(x) >0 for some x, in which case f(x) >0 for all x, and there exist real num- 
bers a, B such that f(x) can be written in the form e** for x 20, and e®* for x S0; 

(c) f(x) <0 for some x, in which case f(x) <0 for all x, and there exist real num- 
bers a, B such that f(x) can be written in the form —e** for x20 and —e®* for x S0. 


3. Unsolved problem. Coming back to the problem of a complex-valued, 
continuous f(x) having the property @, we can express f(x) as the product of two 
functions | f(x)| and f(x)/|f(x)| having the property @. Of these two, | f(x)| is 
real-valued and can be taken care of by the previous section. 

It therefore remains to consider a continuous function f(x) of unit modulus 
and having property @. It is conjectured that in this case, the real line can be 
broken up into intervals in each of which f(x) can be written in the form pe‘? 
where yp is a root of unity and @ is a real number. The author has been unable 
to prove or disprove this conjecture. 


REMARKS CONCERNING THE NON-EXISTENCE OF ODD PERFECT NUMBERS 
J. McCarrtny, Florida State University 


Let a(n) be the sum of the divisors of the positive integer m. Then n is called 
a perfect number if o(m) =2n. It has long been conjectured that there are no odd 
perfect numbers. Euler [2] proved that if m is an odd perfect number, then 


a 28 
(1) m= Pg ge 
where 92, , are distinct primes and p=1=a (mod 4). Sylvester [6] 


proved that ¢=4, and, in fact, that t2=7 if 40 (mod 3). In recent years further 
necessary conditions have been discovered for the odd integer m to be perfect. 
In this note we shall show that certain other conditions are necessary. 

If the number 2, given by (1), is to be perfect, we must have 


t 
o(p*) []o(gi") = 
t=] 


To prove that m is not perfect it is therefore sufficient to show that o(p*) or one 
of the o(g?*) has a prime factor which does not divide m. We shall assume 
throughout this note that #0 (mod 3). 

If n=2 (mod 3), then p=2 (mod 3), and o(p*), which is divisible by +1, is 
divisible by 3. Hence, if is to be perfect we must have n=1 (mod 3). Now, if 
this is true, ¢(p*) =a+1 (mod 3), and therefore, if a+1 is divisible by 3, n is 
not perfect. 

This can be generalized as follows. Let r be any prime not dividing m, and 
let p belong to the exponent e modulo r. Then, m is not perfect if a+1 
=0 (mod er). For, in this case, o(p*) is divisible by p**- + p**-9 + - - -+p*+1, 
which is divisible by r. As an application of this remark, we see that n is not per- 
fect if n is not divisible by 5, a+1 is divisible by 5, and p=1 or 4 (mod 5). 


oF 
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It was proved by Steuerwald [5] that , given by (1), is not perfect if 


Bi =62.= --- = B,=1. We shall extend this by showing that m is not perfect if 
8:=1 (mod 3) for 1=1,---, #. Assume that m is perfect. If, for any 7, q; 
= 1 (mod 3), o(¢*), and therefore n, is divisible by 3. Hence we may assume that 
qi=2 (mod 3) fori=1, - - - , ¢. Suppose that we have shown that m is not divisi- 


ble by any prime less than the prime gq, and that m is divisible by g. If g=p, 
n is divisible by (¢+1)/2, which contains a prime factor less than g. Hence, ¢ 
is one of the g;, and m is divisible by o(q?) =q’. If q’ is composite, it contains a 
prime factor less than g. Hence, g’ isa prime. Since g’=1 (mod 3), we must have 
=p. But then is divisible by (g’+1)/2 If is composite, 
it contains a prime factor less than g. Hence, qg’’ is a prime. Since g’’=1 (mod 3), 
we must have q’’ =p, which is impossible since g’’ = (p+1)/2. Thus m cannot be 
divisible by g, and this contradiction completes the proof. 


In [3] Kanold gives several necessary conditions for the odd integer n given 
by 


a 282 2 
Ge 


to be perfect. We have shown that m is not perfect if 8=1 (mod 3). We shall now 
show that we may drop this requirement if we impose a condition on q;. In par- 
ticular, we shall show that m is not perfect if g:.=2 (mod 3). We continue to 
assume, of course, that »#0 (mod 3). Assume that m is perfect. Then gq; 
=2 (mod 3) for i=2, - - - , ¢. If g; cannot divide o(@). This is a result of 
the fact that (@) =fs(q2), where fs(x) is the third cyclotomic polynomial, and 
if fs(x)=0 (mod g;) has a solution, then g;=1 (mod 3) [4, p. 164]. Thus, 
o(g3) =p", and by a lemma due to A. Brauer [1], m=1. The same is true of 
o(G) for i=3, - - - , ¢. Herein lies a contradiction. For, :>3, and so, even though 
q2%qs, we have o(@) =0(g). 

The author wishes to express his thanks to the referee for his comments and 
suggestions. 
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THE CENTROID OF ANALYTIC MAPPINGS 


S. D. BeRNaRDI, New York University 


Let f(z) =u+iv= oe, a,2" be regular for |z| =|x+iy| $2. It is well known 
that the area of the domain D corresponding to |z| S$r<R (multiply-covered 
parts being counted multiply) is given [2] by 


Let (a, 0) represent the centroid of the domain D. Following the usual 
definition (multiply-covered areas may be avoided if, for example, one restricts 
oneself to schlicht functions [1]), we have 


Aa=M,= ff dude; ff ff lel 


Writing u=(f+f)/2, v=(f—f)/2i, we obtain 


7 [f(rei®) — ]| f’(re*) |*rdrd8. 
Substituting 
f(re®) = + +--+, 
f'(re®) = + +--+, 
and carrying out the integrations, we obtain 


2 j=1 


‘T 
My = — did 
j=l 
These are equivalent to 


M, Re (aad, 


i=1 
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My = jim 
fol 
Thus, if we assume the convergence of the numerators, the formula for the 
centroid of the domain D becomes 


i= { Im / {x n| dn 


If the mapping function f(z) is written in the form f(z) =ao+ >_7 a,2", apply a 
translation and obtain* 


& = Re (a) + the fraction in formula (1) above, 


+ = Im (ao) + the fraction in formula (1) above. 


Let us now consider a special case of the locus C(r) of the centroid (a, 3) 
as a function of r. Without loss of generality take ay) =0 and let the mapping 
function be f(z)= >-f a,2". The locus C(r) will then pass through the origin. 
When is C(r) a straight line through the origin? Obviously, if all the coefficients 
a, are real, then from equation (1) we have Im (a,a;4;4;) =0 for all values of i 
and j, and thus #=0 so that C(r) coincides with a portion of the real axis. Thus 
a sufficient condition for C(r) to be a straight line through the origin is that all 
the coefficients of f(z) be real. This sufficiency condition, of course, is also 
obvious from the principle of reflection. A moment's thought will also show that 
the principle of reflection implies that the (essential) reality of the coefficients is 
also a necessary condition that C(r) be a straight line through the origin. We 
now proceed to prove this result directly from equation (1). In fact we prove 
the following theorem: 


THEOREM, Let f(z) = > |a,| be regular for |z| SR. Let C(r) 
be the locus of the centroid (given by (1)) of the domain D corresponding to | z| 


=r<R. Then C(r) is a straight line if, and only if, all the coefficients an are (essen- 
tially) real. 


Proof. There results no loss of generality if we assume (a) a9 =0, by applying 
a translation, (b) a:20 (i.e. 6:=0), by applying the rotation f(ze~*1), and 
(c) a=0, by applying the rotation e~‘«f(z). The necessary and sufficient condi- 
tion that C(r) be a straight line through the origin with inclination a=0 is that 
d=0 for all 0Sr<R. Thus from (1), with a slight change in notation, we obtain 


* Although the formulas for the area of the domain D and for the length of arc of the curve 
bounding the domain D are found in most textbooks on the subject, equations (1) are not to be 
found in readily available textbooks. 


(1) t=1 j=1 n=1 
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n—l 

Im D = 0; Osr<R, 
(2) n=2 j=1 


Im + + + +--+] =O. 
Equation (2) is satisfied if, and only if, 


n—1 


(3) = arg = §=0,1;" = 2,3,---. 
j=1 


For n=2 equation (3) yields arg =52, or 20,—0.=62, or 6.=20, +57 =5r. 
Similarly, for we obtain arg (3a;a24;) or 6;=652. Thus the 
relation holds for k =2, 3. By induction, assume 0, k=1,---,n—1. 
Then, arg (jaja,_;) =0;+0,-;=$0+6r=57, that is, each term of the sum 

ja;4,-; has the same argument, namely 67. Substituting in (4), we obtain 
51, or 0,=5r. Hence it follows that 0,=é7, n=2, 3, -- +. There- 
fore, the coefficients of f(z) are all real. This completes the proof of the theorem. 

As a generalization of the above theorem, we state that if f(z) has the form 
| an| eng", and is arbitrary, then C(r) is a straight line through the 
origin with inclination a@ if, and only if, any one of the following four equivalent 
conditions is true: 


(a) e~*#f[ze*(o—)/*] = function with all real coefficients, 


(b) = — a(n — k)]/k; n=kh, 

(c) On = (m — — (n — k — 1)%; n=k, 

(4) Im = 0; n=k,k+1,--- 
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CHARACTERISTIC ROOTS OF SEMI-MAGIC SQUARE MATRICES 


N. A. Kwan, Muslim University, Aligarh 


In this note we consider the matrices formed by the magic and semi-magic 
squares. A square matrix A =(a,,) of order n is called a magic square matrix if 


(2) = = SHA). 


However, if only (1) holds, A is said to be a semi-magic square matrix, and, 


r=] r=1 
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following Weiner, will be called an S-matrix of order n. In [4] Weiner has con- 
sidered the matrix algebra R,, of S-matrices of order m and has also determined 
the structure of the algebra R,. The main purpose of this note is to determine 
the bounds for the characteristic roots of S-matrices. Throughout this note the 
entries of the S-matrices lie in an ordered field of characteristic zero. 

We first prove the following: 


THEOREM 1. If A is in G’, the set of all nonsingular S-matrices of order n, then 
A-' is also in G’, and S(A-') =(S(A))—. 


Proof. To each element A of G’, there exists a matrix B=(b;;)=A-', such 
that AB=BA =I, the identity matrix. Considering AB =I, we have ainb,; 
=6,;, where 5;; is the Kronecker symbol, which equals 1 when 1=j and equals 0 
S(A) 6,;=1. Therefore, b,;=1/S(A), a fixed quantity, for j=1, 
2. 

Similarly, proceeding with BA =/, it can be seen that }°*., b,;=1/S(A), for 
7=1,2,---,n. 

Thus B=A~ belongs to G’ and is such that S(A-) = { S(A) }—1, This com- 
pletes the proof. 


It may be observed here that the set G’ of all nonsingular S-matrices of 
order n is a non-abelian multiplicative group. Further, it can be observed that 
every element A, distinct from the zero element (null matrix), belonging to G, 
the set of all S-matrices of the same order, generates a cyclic group of infinite 
order with addition as the rule of combination. 

We shall now prove a theorem which gives an upper bound for the absolute 
value of any characteristic root of an S-matrix, A, with positive numbers as its 
elements. 


THEOREM 2. If X is any characteristic root of A, then 
(3) |a| <s(A), 


1.¢., the absolute value of X is not greater than the sum of the elements of A along any 
row or column. 


Proof. By a well known theorem of I. Schur, [3], there exists an orthogonal 
unitary matrix U=(u,;) which transforms A into a triangular matrix JT. The 
principal diagonal of T consists of the characteristic roots Mi, , An of A, 
not necessarily all distinct. Then from 


T = UAU*, and UU* = U*U =I, 


it follows that t4;= >-*,.1 uie@retje, where t;; is the element of T in the (i, j)th 
place. 


That is, the elements of T are of the form >*,.; drsX-%., [1, p. 150], where 
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the set of (complex)numbers (x, %2,--+, *,)#(0, 0,---, 0) is such that 


> 

Let the absolute values of x; be denoted by &; (¢=1, 2,---,m). Then the 
set (£1, &:) is the set of real numbers such that )>#=1. Also, since 
& are all real, Hence, |tii| =| S | 

Therefore, | t;;| $S(A). Hence, |\;| $S(A),i=1, 2, - - , m. This establishes 
the theorem. 

We now generalize the above theorem in the following form: 


THEOREM 3. Let r(x) =f1(x)/fe(x) be a rational function of the scalar indeter- 
minate x and A be an S-matrix, with positive numbers as its elements, such that 
fx(A) is nonsingular. If \ is a characteristic root of A, then for any characteristic 
root r(d) of r(A), 


(4) ir(a)| <r{S(A)}. 


Proof. Since the S-matrices of the same order form an algebra (Theorem 1, 
[4]), fi(A) and f2(A) are S-matrices, the latter being nonsingular. It may further 
be verified that S{f,(A)}=fi{S(A)}, and S{f.(A)}=f.{S(A)}, whence 
S{r(A)} =S{Ai(A)} -S{ } = S{A(A)} } 
=fi{ S(A) } /fa{ S(A) } =r{S(A)}. 

Thus r(A) =f:(A)/fe(A) is an S-matrix. Also, by a well known theorem of 
Frobenius [2, pp. 22, 23], if \ is a characteristic root of A, r(A) is a character- 
istic root of r(A). In order to see that r(A) is defined, we observe that since the 
matrix f2(A) is nonsingular, no characteristic root of f,(A) is zero. That is, 
fe(A) ¥0, for it is a characteristic root of fo(A). 

Now, applying (3), we have |r(a)| s r{S(A) } , and the theorem is proved. 

Finally, I am indebted to Professor S. M. Shah for his help in the prepara- 
tion of this paper and to the referee for helpful criticism. 
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‘*CLASSROOM NOTES 
EpiTeEp By C. O. OAKLEY, Haverford College 


All material for this department should be sent to C. O. Oakley, Department of Mathe- 
matics, Haverford College, Haverford, Pa. 


AN EARLY INTRODUCTION TO THE MAPPING CONCEPT 
V. O. McBrien, College of the Holy Cross 


It is evident from the development in Part I of Universal Mathematics* that 
the concept of mapping should be introduced at an early stage in mathematical 
training. Variations of the following method have been used by a number of 
teachers early in the first semester of their freshman courses. 

The graph of a familiar polynomial such as y=x?—6x+8 is made by the 
usual method which the student has learned in high school. A function is then 
defined as a triple (X, Y; f) consisting of two sets X and Y and a relation f in 
the Cartesian product X X Y such that no x€X is the first element of two pairs 
(x, y) and (x, y’). The quadratic polynomial x?—6x-+8 is now considered in the 
light of this definition. In this case we have two sets of real numbers X and Y 
where X is mapped onto Y as follows: 


Range of f = 


x->x? -6x+8 


It is pointed out that by the law f: x->x?—6x+8 we have performed a map- 
ping process by which the open set of all real numbers is mapped onto the half- 
open set of real numbers equal to or greater than —1. With a slight apology to 
a future mathematics major, the subset {2, 4} of X, which is mapped into {0} 
by f, may be called the kernel of the map. The student is happy to tie this no- 
tion in with his idea of the roots of an equation. 

Other simple examples of algebraic functions may be done in the same way, 
and this method is helpful in the introduction to the transcendental functions. 
For example, by using the map x—log x, the student sees that we have a 
homomorphic mapping of the multiplicative set of positive real numbers onto 
the additive set of real numbers. 


* Universal Mathematics, Part I, Functions and Limits, Student Union Book Store, Univ. of 
Kansas, 1954, 
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SYNTHETIC APPROACH TO THE THEORY OF THE ENVELOPE 
A. R. Amir-Mogfz, University of Idaho 


DEFINITION. Let (C) be a curve varying according to a certain rule. If there is 
a curve (vy) tangent to (C) in all its positions, then (vy) is called the envelope of 
(C). 
The basic approach to the problem of finding envelopes is similar to that used 
in differential geometry. In this paper, instead of the analytic treatment, we give 
the synthetic solutions of a few problems. In some cases, where the equation 
of the envelope is quite complicated, it is easier to describe the envelope syn- 
thetically. 

Consider (C,) and (C.), two positions of (C), so that (Ci)(\(C:) = Ky. Let 
(C,) approach (C,). Then K,; approaches K which is called the characteristic 
point. The locus of K is the envelope of (C) if it exists. 


Fic. 1 


Problem 1. Let (O) be a fixed circle with center O, and A a fixed point in the 
plane of (O). Circle (C), in the plane of (O), passes through A and its center C 
moves on (Q). Find the envelope of (C). 

Solution. Let (C:) and (C,) be two positions of (C) (Fig. 1). Clearly CiC, is 
the perpendicular bisector of AK, the common chord of (C;) and (C,). It is ob- 
served that M;, the midpoint of A K,, is on the circle with diameter AC,. As C; 
tends to Ci, C,C, tends to the tangent C,M to (O) at C,, and M, approaches M, 
the point of intersection of C,M and the circle with diameter A C,. But A M inter- 
sects (C,) at K which is the limit of K,. Therefore the locus of K is the envelope. 

This locus is easily described as follows: 


| 
M 
4 
on 
‘ 
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AK=2AM, and M is the vertex of a right angle with one side passing 
through A and the other side tangent to (0). 

Draw a perpendicular through O to A M, (Fig. 2). The foot of the perpendicu- 
lar, N, is on the circle with diameter OA, and NM is equal to the radius of (0). 
This describes a limagon L. Therefore the locus of K is a limacon, homothetic 
of L with ratio 2. 


Fic. 3 


Problem I1. The circle (O) with center O, and the point A, on the plane of 
(O), inside (O), are fixed. The envelope of the second side of a right angle is 
desired such that its first side passes through A and its vertex moves on (0), 
(Fig. 3). 

Solution.* Let AB,K and AB,K be two positions of the right angle where K 


* This solution is due to Dr. M. Hachtroudi, Professeur a l'Université Teheran. 
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is the point of intersection of the second sides of these angles. It is obvious that 
A, B;, Bz, K are on a circle. As B, approaches B, the circle through A, B,, B,, K 
tends to the circle (C) through A, B,; and tangent to (O) at B,. This circle inter- 
sects B,K at Ky, t.e. K, is the characteristic point. 

It is clear that K,A =2CB,. If we draw a line through K, parallel to CO, 
this line intersects OA at A;, and K;A,;=20C. Therefore KiA + =20A,, i.e. 
the envelope is an ellipse. 

Problem III. Find the envelope of circle (C), with the center C on a given 
hyperbola with foci F,; and F,, and tangent to the fixed circle (F;) with center F;. 

Solution. Let (C,) and (C,), two positions of (C), intersect at K; and Mi, 
(Fig. 4). Then K,H; is perpendicular to C,C,. Let C, tend to C;. Then C,C, be- 
comes tangent C,T to the hyperbola at C;, and H; tends to H, the point of 


Fic. 4 


tangency of (C;) and (F,). Therefore K; approaches K, the point of intersection 
of the line through H perpendicular to C,T. So K is the characteristic point. 
Now it is observed that F.K = Ci = Ci F;—(CiF:— => (CiF2 
—C,F,) -HF,=constant. Therefore the envelope is the circle with center F; 
and radius F,K. 
Examples: 
(1) Find the envelope of the second side of the right angle such that its 
first side passes through a fixed point and its vertex moves on a fixed 
straight line. 
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(2) Solve (1) if the angle is equal to a fixed angle a, instead of the right 
angle. 

(3) Find the envelope of the free side of a right angle whose vertex is on a 
fixed circle and the other side passes through a fixed point outside of 
the fixed circle. 

(4) The same as (3) except use an angle equal to a. 

(5) Solve Problem II for angle @ instead of right angle. 

(6) Solve Problem III where an ellipse or a parabola is used instead of a 
hyperbola. 

(7) Find the envelope of circles with the center on a fixed circle and tangent 
to another fixed circle. 

(8) Find the envelope of circles with center on a fixed circle and tangent to 
a fixed line. 

(9) Find the envelope of circles with center on a fixed line and tangent to 
a fixed circle. 

(10) Find the envelope of circles with center on a fixed line and tangent to 
a given curve (C). 


A PASCAL TRIANGLE FOR THE COEFFICIENTS OF A POLYNOMIAL 


RIcHARD A. MILLER, Convair, Fort Worth 


It is well known that the coefficients, c;, of a polynomial, f(x) =x"+cx""! 
+ +--+ +¢,-1x+c¢,, may be determined by the elementary symmetric functions 
of its zeros, 7.€., 


= — 61, Dy rife = tn = (—1)%p. 


The purpose of this note is to develop an algorithm for the formation of the 
coefficients from a given set of numbers {r;},i=1,---,m. 

We denote the sum of the products, taken j at a time, of the first k elements 
of the set by S(r;:, 7, &). We observe that a simple recursion formula can be 
established by induction, 


(1) S(ri, 7, k) = 7, — 1) + 7 — 1, — 1) forj >1,k>1. 


We define S(r;, 0, k) =1 for k>0, and S(r;, 7, k) =0, for k<j. 

Verification for k=2 is immediate, for we have S(r;, 1, 2)=S(r;, 1, 1) 
+r2S(r;, 0, 1) =ri+re, and S(r;, 2, 2) =S(r:, 2, 1) +reS(rs, 1, 1) 

We assume validity for k and deduce it for k+1. We note that 


S(ri, 1, k + 1) S(ris 1, k) + 0, k) = (ri + + Tx) + Tk+1, 
k, k) = R+ 1, + 1). 


om 
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For 1<j<k+1, we consider the expression 
(2) S(rs, + — 1, 


This is the sum of products of the elements 1, 72, - - - , rez1 taken j at a time. 
S(r:, j, k) clearly contains all the terms not containing 7441. Those terms con- 
taining rz41 are the products of 7.4: by the product of 7—1 elements taken from 
1, * hence the sum of all the terms is r441S(7;, 7—1, &). Thus (2) is the 
sum of all products which can be formed by taking j factors at a time from 
fi, a, * * Thats 1.€., S(ri, k+1). 

Thus the recursion formula suggests an arrangement such that S(r;, j, k) 
will be the element in the jth row and the kth column of a matrix. We use the 
scheme shown in Table 1. If the elements of the jth row are multiplied by 
(—1)#, the kth column contains the coefficients S(r;, 0, k), —S(ri, 1, S(rs, 2, 


k), ++, (—1)*S(r;, of a polynomial with zeros, 71, - , re. 
TABLE 1 TABLE 2 
k 1 2 k n k 1 2 3 4 
j r ffs Tk Tn j Tk 2 3 5 7 
0 0 1 1 1 1 
1 1 2 5 10 17 
2 6 31 101 
Sta 5, 3 30.247 
n + 210 


For the set {r;} = {2, 3, 5,7 } , we have the array, shown in Table 2. We are 
able to secure the following polynomials P;(x) with the zeros as indicated: 


P;(x) Zeros 
=x-—2 2 
P2(x) = x? — 5x+ 6 2, 3 
P;(x) = x* — 10x? + 31x — 30 a, a, 


P(x) = — 17x85 + 101%? — 247x + 210 a, & 
This process can be applied for the factorial polynomial, 


where S} are the Stirling numbers of the first kind, which satisfy the recursion 
relation S}*' = S?—nSj_,. For example, an equation with roots 1, - - - , 10 will 
be x! —55x*®+ 1320x8 — 18150x7+ 157773x* — 902055x5 + 3416930x* — 8409500x* 
+12753576x? — 10628640x + 3628800 =0. 

We remark that if all the roots of the polynomial are —1, 4.e., f(x) =(x+1)", 
the kth column will give the binomial coefficients, for which Cj =4~-1Cya+2-iCj. 


* 
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INTERPRETATIONS OF THE PEANO POSTULATES 
M. D. Darxow, Hunter College 


When students first deal with an abstract postulate system, their under- 
standing profits from exercises involving models that satisfy the system. This 
paper contains suggestions for such exercises in connection with the Peano postu- 
lates for the natural numbers. 

The Peano postulates are given in terms of an undefined concept, called a 
natural: 

1) To every natural m, there corresponds a natural n’, called the consequent 
of n. 

2) There exists a natural, denoted by 1, which is not a consequent. 

3) Naturals having equal consequents are equal. 

4) If a set of naturals contains 1, and contains the consequent of every 
natural in the set, it is the set of all naturals. 

The interpretations or models of these postulates utilize the students’ prior 
knowledge. 

Model A: The numbers a, a+d, a+2d, - - - of an arithmetic progression (in 
which a, d are real numbers, d0) satisfy the Peano postulates if a is the Peano 
1, and n’ is defined as n+d. 

Model B: The numbers a, ar, ar?, - - - of a geometric progression (in which 
a, r are arbitrary real numbers, 0a, 0<r#1) satisfy the Peano postulates if a 
is the Peano 1, and n’ =r. (A simple adjustment takes care of the case 0 >r ¥ —1.) 


THEOREM. There is one and only one operation 0 combining two naturals 6 
and c into a natural, such that bo 1=b' and boc’=(boc)’. This operation is 
called Peano addition and is denoted by (+). For it 


(1) b(+)1=0' and b(+)c’=[b(+)c]’. 


The students are then asked to find the proper definitions for Peano addition 
in models A and B. Since it is no secret to them that the natural numbers are 
defined by the Peano postulates, they might proceed as follows: 

A. If x=a+(h—-1)d, y=a+(k—1)d, then zs=x(+)y should equal 
a+(h+k—1)d. Elimination of 4 and k produces 


(2) a(+)y=aty—at+d. 


The students then prove that this definition actually has properties (1). 
B. If x=ar'—, y=ar'—, then z=ar*t*—' should define x(+)y. Hence xyr/a 
=z and 


(3) (+) y = rxy/a. 
This definition must be proved to satisfy (1). 


THEOREM. There is one and only one operation + combining two naturals b 
and c into a natural, such that b+1=b and b+c’=b+c(+)b. This operation is 


4 
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called Peano multiplication and is denoted by (-). Hence 
(4) b(-)1=6 and b(-)c’ = 


The students then find the proper definitions of Peano multiplication for 
models A and B. 

A:x(-)y=[a+(h—1)d](-)[a+(k—1)d] should equal 2=[a+(hk—1)d]. 
Elimination of h and k yields 


(5) 


This definition must be shown to satisfy (4). 
B: x(-)y=ar'—'(-)ar*— should equal z=ar"*—', Elimination of h and k yields 
log, rz/a =log, rx/a-log, ry/a. Hence 


(6) z= x(-) y = ar®, where E = (1 + log, x/a)(1 + log, y/a) — 1. 


The students then show that this definition has property (4). 
Suitable definitions of the Peano order relation may also be asked in A and B. 
When the categorical nature of the postulates has been established, the stu- 
dents are asked to demonstrate the isomorphism of models A and B. 
Any sequence of distinct complex numbers may be similarly treated. 


METHOD OF UNDETERMINED COEFFICIENTS 
M. S. WEBstTER, Purdue University 


Consider the special linear differential equation of order n, (D—a)"y =x*e™* 
where is a positive integer, k is a nonnegative integer, a is any real constant, 
and D is the operator d/dx. The usual rule* given for finding a particular solu- 
tion by the method of undetermined coefficients is to multiply e(A ox*+A,x*-! 
+--+ +Az1x+A;z) by an appropriate power of x(x" in this case) and then to 
determine the constants Ao, Ai, ---, Ax so that x"e*(Aox*+ ---+A,) isa 
solution. This procedure will do, but, because of the special nature of the left 
member of this differential equation, it may be greatly simplified in this case. 

Actually the equation has a solution of the form Ax**+*e** where A is a 
constant. This may be shown by means of the shifting rule e~**P(D)y 
= P(D+a) -(e-**y) where P(D) is a polynomial in D. The differental equa- 
tion becomes D*(e~**y) =x*, from which the result follows. 


* Apparently first given by A. Cohen in An Elementary Treatise on Differential Equations, 
1906. 


: 
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ELEMENTARY PROBLEMS AND SOLUTIONS 
By Howarp EvVEs, University of Maine 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, University of Maine, Orono, Maine. This department wel- 
comes problems believed to be new, and demanding no tools beyond those ordinarily furnished 
in the first two years of college mathematics. To facilitate their consideration, solutions should 
be submitted on separate, signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 
E 1261. Proposed by C. S. Ogilvy, Hamilton College 


If the sectorial area bounded by a curve and the radii vectores to any two 
points on the curve equals the area bounded by the curve, the x-axis, and the 
ordinates of the two points, find the curve. 


E 1262. Proposed by A. J. Goldman, National Bureau of Standards 
For which real values of A do all roots of z*—z*+A =0 obey |z| $1? 
E 1263. Proposed by W. B. Carver, Cornell University 


Let T) be any triangle none of whose angles is a multiple of 45°. The tangents 
to the circumcircle of T» at its vertices form a new triangle 7;; and repetition of 
this process gives an infinite sequence of triangles { x il If the angles of To in 
degrees are integers, show that for 222, T,41 is similar to T,. Is there a similar 
theorem for the case when the angles are rational in degrees? 


E 1264. Proposed by Victor Thébault, Tennie, Sarthe, France 


If an interior point P of a tetrahedron ABCD is projected orthogonally into 
A’, B’, C’, D’ on the planes of the faces BCD, CDA, DAB, ABC, and if the areas 
of these faces are denoted by A, B, C, D, show that 


A(PA) + B(PB) + C(PC) + P(PD) = 3[A(PA’) + B(PB’) + C(PC’) + D(PD’)]. 
E 1265. Proposed by F. L. Wolf, Carleton College 


Is there a nonnegative, nontrivial, continuous function f(x) such that 


f(dt = fla) 


for all x on 0OSxS1? 


SOLUTIONS 
A Surface of Revolution 


E 1231 [1956, 577]. Proposed by A. W. Walker, University of Toronto 
Show that —3xyz is a surface of revolution. 
272 
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I. Solution by E. W. Marchand, Eastman Kodak Company. The equation may 
be written [3(x?+y?+2?) —(x+y+z)?]=2a*. Hence the intersection of 
this surface with any plane of the form x+y+z=c lies on a sphere x?+y?+2? 
=constant and so must be a circle having the normal to this plane from the 
origin as axis. 


II. Solution by Leonard Carlitz, Duke University. One easily verifies the iden- 
tity 


+ + 2? — 3xyz = (x + y +2) [(x — y/2 — 2/2)* + 3(y — 2)?/4]. 


The transformation 


(xt y+2)/V3, = V2/3(x — y/2— 2/2), = (y — 2)/v2, 


is orthogonal with determinant +1. Thus the equation of the surface in the new 
coordinate system becomes 3+/3x’(y’?+2’?) =2a*. The surface is obtained by 
revolving the curve 3+/3x’y’? =2a* about OX’. 

Also solved by Norman Anning, A. P. Boblétt, T. Y. Chow, Hazel E. Evans, Edward Fleisher, 
L. R. Ford, Michael Goldberg, A. S. Hendler, Frank Herlihy, A. R. Hyde, I. M. Isaacs, J. B. 
Johnston, M. S. Klamkin, D. C. B. Marsh, John Rausen, L. A. Ringenberg, Robin Robinson, 
Azriel Rosenfeld, David Zeitlin, and the proposer. Late solution by Sidney Glusman. 

Editorial Note. The surface has the shape of an infinite horn; it is asymptotic to the plane 
x+y+z=0 and to the axis of revolution x=y=z. 


A Line Through the Orthocenter of a Triangle 
E 1232 [1956, 577]. Proposed by Victor Thébault, Tennie, Sarthe, France 


Arbitrary, parallel lines drawn through the vertices A, B, C of a triangle inter- 
sect the circumcircle in A’, B’, C’. Show that A’, B’’, C’’, the symmetrics of 
these points with respect to the midpoints of BC, CA, AB, respectively, lie on 
a line perpendicular to the parallel lines and passing through a fixed point of the 
triangle. 


I. Solution by John Rausen, New York University. Let O be the circumcenter 
and H the orthocenter of triangle ABC, and let M be the midpoint of BC. Let 
AH intersect the circumcircle at H’. By a well known theorem, H’ is the sym- 
metric of H with respect to BC. Let H” be the other end of the diameter through 
A. Then H’H" is perpendicular to AH’, hence parallel to BC, and chords BC, 
H’'H" have the same perpendicular bisector, OM. Thus H” is the symmetric of 
H’ with respect to OM. By composition of two symmetries about perpendicular 
lines, H” is the symmetric of H with respect to M. Therefore lines A’H” and 
A” H are symmetric with respect to M, and hence are parallel. But A’H” is 
perpendicular to AA’ (since AH” is a diameter). Therefore so is A’’H. 

Similarly B’H is perpendicular to BB’ and C’’H is perpendicular to CC’. 
This proves all at once that (1) A’, B’’, C” lie on a line m, (2) m is perpendicular 
to AA’, BB’, CC’, and (3) m passes through H, a fixed point in triangle ABC. 
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II. Solution by A. R. Hyde, West Hartford, Conn. If the origin is taken at 
the center of the circumscribed circle, and the x-axis is taken parallel to the 
parallel lines through the vertices, then the vertices are 


A:(rcosa,rsina), B:(rcos8,rsinB), C:(rcosy,rsin y), 


where a, B, y are the angles between the positive x-axis and the radii to A, B, C 
respectively. A’, B’, C’ are the mirrors of A, B, C across the y-axis. Hence 
A”, B’, C” all have x-coordinate equal to r(cos a+cos 8+cos y), and A’’B’’C” 
is a straight line perpendicular to the parallel (horizontal) lines through the three 
vertices. The altitudes of triangle ABC intersect on this line, as can be shown 
analytically. 


Also solved by J. W. Clawson, J. C. W. De la Bere, J. T. Humphrey, Josef Langr, D. C. B. 
Marsh, Beckham Martin, Robert Sibson, Sister M. Stephanie, and the proposer. 

Clawson, De la Bere, and Sister Stephanie gave proofs in the complex plane. Clawson stated 
the following generalization: If AB - - - Nisan -gon inscribed ina circle (O), and if a set of paral- 
lel lines are drawn through the vertices A, B, --- , N to intersect (O) at A’, B’,---, N’, and 
if A;, Bi, - - + , Ny are the mean centers of the polygons obtained by omitting inturn A, B, -- - , N, 
then if A’A;, B’B,, - - - , N’N, are extended 1/(m—2) of these lengths to A’’, B’’,- - + , N’’, these 
latter points lie on a straight line perpendicular to the parallel lines and passing through the point 


which lies on the line joining O to M, the mean center of the polygon, extended 2/(m—2) of the 
length of OM. 


On p. 6 of his book Parmi les belles figures de la géométrie dans l’espace, the proposer has extended 
the problem to a tetrahedron and its circumsphere; here A’’, B’’, C’’, D’’, are the mirrors of A’, 
B’, C’, D’ in the centroids of the faces BCD, CDA, DAB, ABC, and A”, B”’, C’’, D”’ are coplanar 


on a plane perpendicular to the given parallel lines and passing through the Monge point of the 
tetrahedron. 


A Sequence of Triangles 
E 1233 [1956, 578]. Proposed by Joseph Andrushkiw, Seton Hall University 


Denote the sides and inradius of a triangle by do, bo, co, and ro. The points of 
contact form a new triangle whose sides and inradius are qi, bi, c:, and 7. Re- 
peating the process one obtains the sequences {an}, {b.}, {ca}, and {r,}. Show 
that as n— © 


lim = lim = lim = 3/6. 


I. Solution by N. J. Fine, University of Pennsylvania. Let An, Bn, C, be the 
angles opposite dn, bn, Cx respectively, for n20. It is easy to see that a,/r, 
=cot (B,/2)+cot (C,/2), and similarly for the other two ratios. Now Ans 
=(x—A,)/2. An easy induction shows that A, =17/3+(—1/2)"(Ao—2/3)—77/3, 
and similarly B,—72/3, C,—m/3. Hence @n/tn, all converge to» 
2 cot (r/3) =2+/3, from which the required result follows. 

II. Solution by Leon Bankoff, Los Angeles, Calif. Let A; denote the vertices 
opposite a; (t=0, 1,---, ). It is easily shown that the acute angle between 
two chords of contact of an incircle is equal to the arithmetic mean of the angles 
at the two adjacent vertices of the parent triangle. It follows that 


| | 
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2An = Burt Cat, = Ana and | An1— = 2| Ba — An. 


Then, as n>, |B,—A,|-—0. Similarly |A,—C,|—0 and | C,—A,|—0, with 
the result that A,, B,, C, each tend toward 60° as n—. This leads at once to 
the desired conclusion. 

Also solved by W. B. Carver, J. C. W. De la Bere, A. R. Hyde, I. M. Isaacs, J. B. Johnston, 
P. G. Kirmser, M. S. Klamkin, Sadia Makky, D. C. B. Marsh, R. M. Meisel, C. S. Ogilvy, D. S. 
Passman, John Rausen, Azriel Rosenfeld, R. E. Shafer, Michael Skalskyj, A. V. Sylwester, Chih-yi 
Wang, and the proposer. Late solution by J. W. Harter. 


The convergence of the angles An, Bn, C, to x/3 is quite rapid. Carver remarked that if we start 
with any triangle whatever, all the angles of triangle A;B;C; will differ from 60° by less than 1°. 


Two Unique Sets of Numbers 


E 1234 [1956, 578]. Proposed by Leo Moser and J. R. Pounder, University of 
Alberta 


(a) Find 3 distinct positive integers, relatively prime in pairs, such that the 
sum of any two is divisible by the third. Prove that these integers are unique. 

(b) Find 3 distinct positive integers such that the product of any two leaves 
a remainder of 1 on division by the third. Prove that the numbers are unique. 

Solution by E. P. Starke, Rutgers University. First we consider three positive 
integers x <y<z and note that if z is a divisor of x+y, then z=x+y because 
x+y <2z. If also y divides x+2(=2x+y), then y divides 2x which, with 2y>2x, 
implies y= 2x, whence z= 3x. 

(a) By the above, if the integers x, 2x, 3x are relatively prime by pairs, they 
must be 1, 2, 3. (Note that we have not used the hypothesis that y+z2 is a mul- 
tiple of x.) 

(b) Let the integers be a<b<c, and let ab —1=cx. Then x is an integer less 
than a. Now x(ac—1) =a*b —a—x divisible by } implies a+ divisible by 6; and 
similarly b+-x divisible by a. By the initial result above, we have a = 2x, b =3x. 
Finally ab—1=cx gives 6x?—1 divisible by x, whence x=1 and the required 
unique integers must be a=2, b=3, c=5. 

Also solved by W. J. Blundon, Anne W. and Jean M. Calloway (jointly), Leonard Carlitz, 
Monte Dernham, Underwood Dudley, Hazel E. Evans, N. J. Fine, Virginia S. Hanly and Ernest 
Kanning (jointly), Roger Hou and Lincoln Teng (jointly), J. B. Johnston, Joe Lipman, D. C. B. 


Marsh, P. J. McCarthy, Azriel Rosenfeld, E. D. Schell, R. E. Shafer, and the proposers. Late solu- 
tions by D. A. Breault and J. W. Harter. 


A Uniformly Convergent Series 
E 1235 [1956, 578]. Proposed by D. S. Greenstein, University of Pennsylvania 
Let fo(x) be bounded and integrable over aSx 3b, and let 


= f n=1,2,---, asxsb. 


Evaluate fa(x). 


| 
y 
f 
y 
1 


276 ADVANCED PROBLEMS AND SOLUTIONS [April 


I. Solution by T. S. Chihara, Seattle University. f,(x) being an n-fold iterated 
integral of fo(x), we have 


(n — 1)! n — 1)! | fol) |, 


for a Sx Sb. The interchange of summation and integration thus being justified, 
we have 


fa(x) = f e**fo(t)d = e* f dt. 
n=1 a a 

II. Solution by P. G. Kirmser, Kansas State College. It may be shown (as 
in Solution I) that the series converges uniformly, to y(x), say. We then find 
that y’(x) =y(x)+fo(x). Solving this differential equation gives 


y(a) = f 


Also solved by Thomas Erber, A. S. Hendler, A. R. Hyde, J. B. Johnston, M. S. Klamkin, 
A. E. Livingston, Marshall Luban, C. M. Lujan, Y. L. Luke, D. C. B. Marsh, R. M. Meisel, C. S. 
Ogilvy, F. D. Parker, John Rausen, Azriel Rosenfeld, R. E. Shafer, Michael Skalskyj, H. S. Valk, 
Albert Wilansky, L. K. Williams, David Zeitlin, and the proposer. Late solution by Sidney Glus- 
man. 


ADVANCED PROBLEMS AND SOLUTIONS 
EpITED By E. P. STaRKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten, 
with double spacing and margins at least one inch wide. Problems containing results believed 
to be new or extensions of old results are especially sought. Proposers of problems should also 
enclose any solutions or information that will assist the editor. In general, problems in well 
known textbooks or results in readily accessible sources should not be proposed for this de- 
partment. 


4733. Proposed by Albert Wilansky, Lehigh University 


Give an example of a compact Hausdorff space which is separable (has a 
dense sequence) but not completely separable (does not satisfy the second 
axiom of countability). 


4734. Proposed by George Brauer, University of Minnesota 
Construct an ordinary Dirichlet series F(s) = )\*., can~* such that 


|cnl and jim |F’(o + ir)| = 


| 
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for almost all points on the r-axis (s=a+ir). (A Taylor series with analogous 
properties is given in Rudin’s paper, On a problem of Bloch and Nevanlinna, Proc. 
Amer. Math. Soc. vol. 6, 1955, pp. 202-204.) 


4735. Proposed by Hiiseyin Demir, Zonguldak, Turkey 


Let A1A2A;3A;A; be a simple 5-point plane figure, and let d be any line in the 
plane of the figure. Let the common point of the line d and the side a; opposite 
to A; be denoted by B;, and the common point of the lines A;Bi41, BiA igi by 
Ci43. Then the five lines A,;C; have a point D in common. 


4736. Proposed by M.v. Ments, Jerusalem, Israel 


An encyclopaedia consists of N volumes, and in a certain town p persons 
originally possessed complete sets. But by some event, a lot of volumes of the 
various sets were destroyed at random, so that only m; volumes remain in the 
possession of the ith person. If all the townspeople now pool their books, what 
is the probability that M volumes (out of the total V) are available somewhere 
in town? 


4737. Proposed by E. P. Starke, Rutgers University 


For any modulus m, let V(m) be the number of values of r(0 <r <m—1) for 
which the congruence x?=r (mod m) has at least one solution. Determine the 
form of V(m). 


SOLUTIONS 
Disjoint Permutations 


4647 [1955, 447]. Proposed by James Munkres, Los Alamos Scientific Labora- 
tory 


A permutation of the integers 1, - - - , m is called an m-chain; two n-chains 
are disjoint if any two integers which are adjacent in one chain are not adjacent 
in the other. (The first integer is considered adjacent to the last for this pur- 
pose.) Does there exist, for each n, a collection containing [(m—1)/2] mutually 
disjoint m-chains? 

Editorial Notes. 1. No solution has been received, but K. Eisemann points 
out that the problem is easy to solve for n=), a prime, and that this solution 
is the basis for an article by H. P. Lawther, Jr., An application of number theory 
to the splicing of telephone cables, this MONTHLY, vol. 42, 1935, pp. 81-91 (also 
noted in Ore, Number Theory and Its History, pp. 302-310.) 

In fact the least positive residues (mod p) of the numbers 1+ rk, (r=0,---, 
p—1; k=1,---, (p—1)/2) give a complete set. Furthermore, the set just de- 
scribed can be made into a satisfactory set for m= p+1 by inserting the number 
(p+1) into each chain according to the rule: in the kth chain, for k odd, put 
(p+1) between (k+1)/2 and (26—k+1)/2; for k even, put (p+1) between 
(p+k+1)/2 and (p—k+1)/2. 

II. Experimentation with small values of m makes plausible an affirmative 


a 
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answer to the proposer’s question. Starting with a set for »=m, we form a set 
for n=m,+1 by inserting the new number(m,+1) into each chain of the old set. 
For m; odd, every number is adjacent once and only once to every other number 
and, provided m;, is not large, it is fairly easy to choose from each chain a pair 
to be separated by the new number (m,+1) in such a way that all the numbers 
are different. In fact, this may be done in many ways as m increases. For m 
even, each number touches all other numbers but one—which already provides 
pairs which can be used to form the additional chain needed for m,+1; the re- 
maining pairs come when (m,+1) is inserted in a chain, thus separating two 
numbers which can be brought together again in the new chain to be formed. 

No simple procedure has developed by which this can be systematized so 
as to provide a proof of our conjecture by induction. The question is still open 
and a proof (or counter-example) is desired. 

The following set of m-chains for »=17 was developed step by step starting 
with m=3. (Letters are used instead of numerals for ease in transcribing.) The 
intermediate steps may be recaptured by dropping any number of the last let- 
ters and retaining only the required number of chains at the beginning. It will 
be noted that at no step do these sets follow the scheme outlined in I. 


abcdef ghijkimnopq bnloigjmqehcadfkp cmgnkqdlhjboeafip 
dpmtekocjlqfnhagb hkiajpndogelcfmbq hmkalpgqcnejofbid 
homanqilbeckgdjfp jqgoapemdkbhflgcin 

A Conjecture Concerning Primes 


4683 [1956, 258]. Proposed by Edgar Karst, Endicott, N. Y. 


Where fails the “interesting conjecture” (so called by D. H. Lehmer in a 
letter to the proposer, March 1952): If 2?—1 is prime, then also 2?—1-+-100 is 
prime? 

Solution by J. L. Selfridge, University of California, Los Angeles. For p< 20, 
the conjecture is true, as can be checked by examining a table of primes. For 
each p in the accompanying table, we list the least factor f of 27+ 99. This table 
includes all values of p>19 for which 2?—1 is known to be prime (R. M. Robin- 
son, Mersenne and Fermat numbers, Proc. Amer. Math. Soc. vol. 5, 1954, p. 
842.) 


p 31 61 89 107 127 521 607 1279 2203 2281 
f 1933 149 139 1609 83 23 47 373 191 23 


The thing most interesting about this and similar conjectures is whether they 
can be disproved without resorting to extended numerical computations. The 
factors here listed were found using the SWAC, but, once discovered, they are 
easily verified by elementary computation. 

What of the conjecture that, when p>19 and 2?—1 is prime, then 2?+99 
is always composite? 


Also solved by H. F. Bennett, Sidney Kravitz, D. C. B. Marsh, R. E. Shafer, Alan Wayne, and 
the proposer. 
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A Limit of a Summation 


4684 [1956, 258]. Proposed by D. J. Newman, AVCO Research Division, 
Lawrence, Mass. 


Prove that a,—0 as n—«, where 
n—-1 (n—2)? 1 
1! 2! 3! (n — 1)! 


Solution by Daniel Shanks, Naval Ordnance Laboratory, Silver Spring, Md. lf 


is expanded into the power series f(z) = a,2", then a, converges and 
a,—0 as desired, provided every singularity of f(z) satisfies 2| >1. 


Now if z=e* with |z| $1 we will have 
x+ iy = e*tiv = e*(cos y + isin y), 1, 
so that y?<(/2)? and x=y/tan y>0. Thus |2z| =e|e”| =e*>1. This contra- 
diction completes the proof. 
Also solved by Leonard Carlitz, Peter Henrici, W. J. Pervin, H. S. Shapiro, and the proposer. 


The n-dimensional Polytope 
4685 [1956, 258]. Proposed by L. J. Mordell, University of Toronto 


Prove that the m-dimensional polytope 
(1) + | ae] tl $2, 


has 2"+!—2 faces of n—1 dimensions and contains an n-dimensional volume 
(2n)!/(n!)*, 

Solution by Jote Uléar, Institute of Mathematics, Skoplje, Yugoslavia. The 
equation (1) defines a convex polytope, since every line x;=kt (t=1, 2, - - - ,m) 
intersects its boundary in two points which are symmetric to the origin and have 
coordinates «;= +2k;:/( >>| k:| +| Dokl). 

1. The coordinate hyperplanes separate the Euclidean space R, into 2" 
parts. In each of the parts where all coordinates do not have the same sign, there 
lie two (n —1)-dimensional faces of the polytope (1). For example, in that part 


where %,,, Xm, °°, X», are positive and x,,,,, X45) °° » are negative, they 
are the faces 
(2) + = 1, + = 1. 


In the part in which all x; are positive, the polytope (1) has only one (m —1)- 
dimensional face, namely 


(3) +a, = 1, 
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and in the part in which all x; are negative, only the face 
(4) = —1. 

Altogether, then, the number of (m—1)-dimensional faces of the polytope 
(1) is 

2. The polytopes which are bounded by the coordinate hyperplanes and by 
either of the hyperplanes (3) and (4), are simplexes. Each has the volume 1/n!. 

The polytope which is bounded by the coordinate hyperplanes and the hyper- 
planes (2) is a simplotope* whose m-dimensional volume is equal to the product of 
the i-dimensional volume and the (m—1)-dimensional volume determined re- 
spectively by the hyperplanes (2) and the coordinate hyperplanes; hence the 
volume is (1/i!)(1/(m—1)!). Since there are (7) parts of R, for which 7 coordi- 
nates are positive, the volume of the entire polytope (1) equals 


1 n 2 1 n 1 /n\? 


This last form for V reduces to the proposed form upon observing that 


2n (2n)! 
(*)- (n!)? 
Two Summations 


4686 [1956, 258]. Proposed by Leonard Carlitz, Duke University 
Show that 


(1) lim { (2k — 1) tanh = — 1/12. 
k=l 
(2) lim { ~ = 1/12 — 1/4n. 
ae k=1 


Solution by Peter Henrici, University of California, Los Angeles. In view of 
tanh x = 1 — 2/(e?* + 1), coth « = 1+ 2/(e — 1), 


the stated relations are equivalent to 


> 2k—1 1 = k 1 1 
k=l e(2k-l)r 1 12 $2 


But these are known identities; see, e.g., H. F. Sandham, Some infinite series, 
Proc. Amer. Math. Soc. vol. 5, 1954, pp. 430-436, equations (4.22) and (6.221). 
See also Problem 4453 [1952, 706]. 


Also solved by J. R. Hatcher, R. G. Stoneham, Chih-yi Wang, and the proposer. 
* See H. S. M. Coxeter, Regular Polytopes, New York and Chicago, 1948, footnote p. 124. 


4 
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A Double Summation 


4693 [1956, 426]. Proposed by J. V. Whittaker, University of California, Los 
Angeles 


Show that 


m'n! 


m=0 n=0 (m+n+ 6 


Solution by J. S. Frame, Michigan State University. Multiplying each term by 
(m+n-+2) —(n+1) and dividing by (m+1), the summation over n can be writ- 
ten as a telescoping series, and the double sum becomes 


n! (n + 1)! 


om 0! 1 x? 


(m+1)? 6 


Also solved by R. P. Agnew, Fred Brafman, K. A. Bush, Leonard Carlitz, P. L. Chessin, 
Leopold Flatto, M. L. Frimer and A. L. Tritter, R. K. Guy, J. R. Hatcher, Peter Henrici, S. S. 
Holland, Jr., W. C. Janes, J. B. Johnston, M. A. Kirchberg, P. G. Kirmser, M. S. Knebelman, W. 
R. Knight, A. E. Livingston, Marshall Luban, Y. L. Luke, D. C. B. Marsh, Kovina Milosevich, 
D. R. Morrison, Ingram Olkin, N. J. Phillips, E. J. F. Primrose, Chih-yi Wang, R. E. Wild, 
Henri Yerly, David Zeitlin, Judith Zoffmann, and the proposer. Late solutions by Ziradin Pantié 
and J. R. Trollope. 


RECENT PUBLICATIONS 
EpiTED By RICHARD V. ANDREE, University of Oklahoma 


All books for review should be sent directly to R. V. Andree, Department of Mathematics, 
University of Oklahoma, Norman, Oklahoma, and not to any of the other editors or officers of 
the Association. 


Engineering Mathematics. By Kenneth S. Miller. Rinehart & Co., New York, 
1956. xii+417 pp. $6.50. 


This text is intended for the first year of graduate work for the engineering 
student with “a little college algebra, analytics, calculus, and a smattering of 
differential equations.” It assumes a more substantial maturity, however, for 
it covers a wide selection of topics, with a thoroughness which should lighten 
the burden of teaching. In perusing this exposition one finds many pet teaching 
devices incorporated into the text. Although the author seems anxious to argue 
that each topic introduced is necessary for a coherent presentation, it seems that 
the various sections are largely independent in treatment, so that, by proper 
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selection, the book could be adapted to a variety of courses, including the post- 
calculus course for undergraduates which has become popular in recent years. 
There is ample material for two four-semester-hour undergraduate courses, or 
six hours on the graduate level. 

The first chapter proves the basic theorems on determinants, but there is 
only a brief glimpse of matrices. Another preliminary chapter is devoted to 
functions defined by integrals such as gamma, beta, sine-integral, and elliptic 
functions, and such topics as Jacobians, Stirling’s formula and Euler’s constant, 
are concisely treated. Breezing through a review of linear differential equations 
with constant coefficients, the author then gives a careful exposition of the meth- 
od of variation of parameters leading to the Green’s function. The method of 
Frobenius is given a heuristic treatment, showing how the coefficients may be 
successively computed, and postulating the convergence of the series by quoting 
an appropriate existence theorem. The Legendre and Bessel equations are 
solved, but their derivation from Laplace’s differential equation in spherical, 
and cylindrical coordinates is implied, but not explicitly shown. Fourier series 
and integrals are derived and used. The Laplace transform chapter includes the 
convolution theorem. The unit on network theory includes many engineering 
applications. The section on statistics seems more advanced than the others, 
and it is questionable whether an engineering student could benefit by this study 
of stochastic and ergodic processes without additional pre-requisites. (Thealgebra 
and calculus of vectors is not included.) 

The author asserts that “the level of rigor is at the presently accepted stand- 
ard for engineering schools.” This apparently means that limiting processes 
are interchanged with the validity of the answer accepted as sufficient justifica- 
tion. This reviewer would take exception to such statements as: “Given the 
function fge-*dx, one cannot find a function ¥(x) such that (x) =e-*.”” But 
though one may quibble over wording, or the motivation for introducing the 
successive topics, the expositions of the steps necessary to solve the type of 
problems selected are careful and explicit. The exercises are relatively few but 
no student could work all of them. The exposition is aided by a number of 
well-chosen figures, and each chapter terminates with a bibliography. Three 
appendices, answers, and an index are included in this volume. 

Any teacher of engineering mathematics will enjoy reading this compact 
book. 

ARTHUR BERNHART 
University of Oklahoma 


A Portrait of 2. By L. A. Ringenberg. Washington, National Council of Teachers 
of Mathematics, 1956. 42 pp. $.75. 


This is not, as the title might imply, a discussion of the special properties of 
the integer 2. Rather it is a development of the number system of algebra from 
the concept of ordinal and cardinal numbers through the complex numbers, with 
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2 used as an example to illustrate the evolving generalizations. Thus we first 
see 2 as an ordinal number and then as a cardinal number. Next +2 is seen as 
the class of all ordered pairs of natural numbers (a, b) for which a—b=2 and 
it is pointed out that, contrary to the average beginning algebra student’s ideas 
(and even to conventional mathematical notation), 2 (the natural number) and 
+2 (the integer) are not identical but are related through the concept of iso- 
morphism. 

A similar type of discussion lets us see a view of 2 as a rational number, as a 
real number (both as a Dedekind cut and as a Cantor class of sequences), and 
as a complex number. 

While similar developments of the number systems of elementary algebra 
may be found in many places, few are as detailed and as motivated as this one 
and none, to my knowledge, bring the discussion to bear so closely on the high 
school teacher’s problems (as, for example, in the author’s discussion of the dual 
role of the + sign). Although the treatment is kept on as elementary a level as 
possible necessary technicalities are not left out. Thus, for example, it is clearly 
pointed out that /2 is not just a sequence of rational numbers but, rather, a 
class of sequences. Although the various proofs involved in the development 
are not generally given, it is made clear what proofs are needed and, in most 
cases, how they might be carried out. Suggestions for further readings are also 
given. 

If every high school teacher were to read and master the contents of this 
little book the level of instruction in high school algebra should rise considerably. 

Roy DuBIscH 
Fresno State College 


Numerical Analysis. (Proceedings of Symposia in Applied Mathematics, vol. 6). 
Edited by John H. Curtiss. McGraw-Hill, New York, 1956, for the American 
Mathematical Society. vi+303 pp. $9.75. 


In 1943 a proposal to hold a symposium on numerical analysis would proba- 
bly have met with consternation, to say the least, especially if the proposal 
were made to the American Mathematical Society. The expression itself would 
have been unfamiliar, for the Institute for Numerical Analysis had not yet come 
into existence. However, if one could imagine such a symposium being held, it 
might have been sparked by the table makers of the Bureau of Standards 
(formerly a WPA project), and by the ballisticians of Aberdeen, and perhaps 
Dahlgren. Doubtless the astronomers would have been invited along with the 
geodesists and map makers, and perhaps actuaries and statisticians. Topics 
would have included the calculation of trajectories and orbits, least square 
fitting and smoothing of data, interpolation and numerical quadrature, and 
perhaps the solution of nonlinear equations. Methods of relaxation for solving 
problems in elasticity and electrostatics might have come in for some discus- 
sion, with a bow to the engineers. There may or may not have been discussion 
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of characteristic roots and vectors, since who would have had anything novel to 
contribute? And almost certainly the trivial problem of solving linear algebraic 
systems would not have come up unless someone wanted to offer a new variant 
of the Doolittle method. If the scope were broadened slightly to bring in the 
psychometrists, they could have talked about principal axes, rotations, and 
simple structure, concepts related to positive definite symmetric matrices. But 
the objectives here would often have been poorly defined, hence the techniques 
fuzzy, and most of the audience might have felt more confused than enlightened. 
If a scattering of physicists and chemists had attended, they would have been 
there mainly to listen, but the mathematicians would have been most conspicu- 
ous by their absence. 

In 1943 there was some use of punched card machines by the astronomers, 
but for the most part desk computers were the most elaborate computing aids 
then in use. The Mark I, the ENIAC, and the relay machines of the Bell 
Laboratories were far from complete. The literature on computing was scattered 
and concerned with special techniques, some of which were repeatedly redis- 
covered and described in varied settings, except in the areas of interpolation 
and finite differencing, which gave rise to and bordered on a well elaborated 
mathematical theory. Elsewhere theory was sparse, in spite of the occurrence 
of such names as Gauss, Bernoulli, and Newton. 

In 1953, the Mark I, the ENIAC and the Bell relay machines were already 
obsolete; the SEAC was to begin its fourth year of operation, Univacs were 
appearing, and many other electronic digital machines were at varying stages 
of development. The Institute for Numerical Analysis, set up under the National 
Bureau of Standards, had brought together outstanding mathematicians and 
outstanding professional computers and encouraged the introduction of mathe- 
matical rigor into the evaluation of numerical techniques. Much of the support 
for this and for other related projects had come from the armed services, es- 
pecially the Office of Naval Research. 

In this atmosphere the sixth Symposium in Applied Mathematics, arranged 
by the American Mathematical Society, was held at Santa Monica and devoted 
to numerical analysis. Of the twenty-one papers delivered, nineteen are pub- 
lished in the volume here under review. Contributors are exclusively mathe- 
maticians and physicists. Nowhere in either the index or the table of contents 
is there mention of orbits, trajectories, finite differences, or smoothing, and only 
two references are made to interpolation. However, there are three papers deal- 
ing with the solution of linear algebraic systems, and a fourth dealing with those 
special systems which appear as partial difference equations. 

Broadly, the topics fall into two classes, techniques and applications, al- 
though most papers give some consideration to both. The applications are inter- 
esting. One paper by Clutterham and Taub, deals with a problem in hydro- 
dynamics, but there is at most passing reference to specific problems in electro- 
statics, elasticity, or other phases of classical applied mathematics. On the other 
hand, there are three papers, by Bruck, Emma Lehmer, and Taussky, on ap- 
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plications to number theory, a paper by Bellman on dynamic programming, one 
by Motzkin on the assignment problem, and one by Tompkins on problems 
whose variables are permutations. In 1943, dynamic programming had not been 
invented, the assignment problem had been stated as a mathematical problem 
but without recognized practical application, the problems discussed by Tomp- 
kins would probably have been regarded as without interest. As for the number 
theorists, they had for some time resorted to computing for suggesting and 
testing conjectures, but these efforts were not commonly reported. It is the elec- 
tronic computer that makes the difference. 

Generally speaking, the papers are all at an advanced level, and the methodo- 
logical papers especially so. Bergman discusses boundary value problems of 
linear partial differential equations. The longest paper of all is by Rosenbloom 
on the method of steepest descent, in quite abstract terms. The method has a 
host of applications. Sard describes his method of obtaining remainder terms for 
functional approximations, Walsh discusses Best-approximation Polynomials of 
Given Degree, and the Hastings approximations, based upon the Chebyshev the- 
ory, are discussed by Hastings. Particular mention should be made of a paper 
by Wielandt entitled Error Bounds for Eigenvalues of Symmetric Integral Equa- 
tions, since it deals with assessments in a situation where few useful results are 
available. 

Until a very few years ago only two distinct methods of solving linear sys- 
tems were in common use. One of these is direct, the other iterative, and both 
go by the name of Gauss. The so-called Doolittle method is a particular form of 
Gaussian elimination. A number of new methods are now known with varying 
degrees of distinctiveness, but perhaps the most significant is the method of con- 
jugate gradients, developed independently by Stiefel and by Hestenes. In this 
volume, Hestenes discusses the conjugate gradient method, and Fischbach dis- 
cusses “gradient methods,” including the method of conjugate gradients. A third 
paper on linear systems, by David Young, discusses iterative methods, with 
special reference to linear difference equations. Frankel discusses linear partial 
difference equations, but confines himself to discursive remarks on the stability 
problem. 

Only two papers remain to be mentioned. These are by Wasow on trans- 
forming distributions, and by Warschawski on conformal mapping. 

Evaluation of such a volume as this should be in terms of what it contains. 
It should not be condemned for its omissions. But for purposes of orientation 
some of the more obvious ommissions might be mentioned. Ordinary differential 
equations and nonlinear systems of algebraic and transcendental equations are 
considered only indirectly, in the sense that the method of steepest descent can be 
applied to both. Certain aspects of partial differential equations come in for 
consideration by Bergman, Frankel and Young, but the treatment is very 
limited. Considerably more could be said on the solution of linear systems, and 
the characteristic value problem for matrices is not discussed at all except in- 
directly by Wielandt. Finally, there is only passing reference to the Monte Carlo 
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method. 

Thus the book is not one for the novice who wishes a uniform development 
of numerical analysis in its present state. Neither is it a book for the practicing 
computer who wishes to find a collection of special techniques to be applied 
routinely. Its greatest appeal will be to the mathematician who would like to 
learn about some of the mathematical problems that arise in this important 
field. Such a person, whether or not he has had experience in computing, will 
find much to interest him. 

A. S. HOUSEHOLDER 

Oak Ridge National Laboratory and 

Mathematics Research Center 
United States Army 


NEWS AND NOTICES 
EpITED By EpitH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at least two months before publication can take place. 


SUMMER PROGRAM OF CANADIAN MATHEMATICAL CONGRESS 


A joint Summer Seminar of the Canadian Mathematical Congress and the Theoreti- 
cal Physics Division, Canadian Association of Physicists, will be held at the University 
of Alberta, Edmonton, August 12-30, 1957. 

Congress research lectures will be given by the following: A. D. Menadues, Uni- 
versity of Leningrad; Philip Hall, Cambridge University; D. H. Lehmer, University of 
California, Berkeley; Jean Dixmier, Institut Henri Poincaré; E. P. Wigner, Princeton 
University. 

Congress instructional lectures are as follows: Leo Moser, University of Alberta, 
introduction to the theory of numbers; Abraham Robinson, University of Toronto, an 
introduction to mathematical logic; A. W. Tucker, Princeton University, theory of 
games; H. J. Zassenhaus, McGill University, introduction to Lie algebras. 

A joint Congress of the two organizations will be held at the School of Fine Arts, 
Banff, Alberta, September 1-7, 1957. 

Inquiries about the Seminar and the Congress should be addressed to Canadian 
Mathematical Congress, Secretariat, Chemistry Building, McGill ee. Montreal, 
Quebec. 

Inquiries regarding accommodation at Edmonton should be sent to Professor E. S. 
Keeping, Department of Mathematics, University of Alberta, Edmonton, Canada; and 
at Banff, to Professor D. R. Crosby, Department of Mathematics, or to Professor D. D. 
Betts, Department of Physics, University of Alberta, Edmonton, Canada. 


MEMBERSHIP PROGRAM OF INSTITUTE OF MATHEMATICAL SCIENCES 


The Institute of Mathematical Sciences, New York University, offers temporary 
memberships to mathematicians and other scientists holding the Ph.D. degree who 
intend to study and do research in the fields in which the Institute is active. These fields 
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include functional analysis, ordinary and partial differential equations, mathematical 
physics, fluid dynamics, electromagnetic theory, numerical analysis and digital comput- 
ing, and various specialized branches, such as hydromagnetics and reactor theory. 

The temporary membership program is designed primarily as a means of alleviating 
the present critical shortage of scientists trained in mathematical physics, applied mathe- 
matics, and related fields of mathematical analysis. The program is being supported by 
the National Science Foundation and also by funds contributed by industrial firms. 

Temporary members may participate freely in the research projects, the advanced 
graduate courses and the research seminars of the Institute, and they will have the 
opportunity of using the computational facilities. 

The temporary members will receive a stipend commensurate with their status. 
Membership will be awarded for one year, but it may be renewed. Special arrangements 
can be made for applicants who expect to be on leave of absence from their institutions. 

Requests for information and for application blanks should be addressed to the 
Membership Committee, Institute of Mathematical Sciences, 25 Waverly Place, New 
York 3, New York. 


NATIONAL HIGH SCHOOL AND JUNIOR COLLEGE MATHEMATICS CLUB 


A National High School and Junior College Mathematics Club has been formed. It 
is anticipated that high school mathematics clubs, if properly qualified, will join the 
new organization. The purpose of the club is to engender keener interest in mathematics, 
to develop sound scholarship in the subject and promote enjoyment of mathematics 
among high school and junior college students. For further information write to Secre- 
tary-Treasurer, Josephine P. Andree, Box 1127, University of Oklahoma, Norman. 

Other officers are: President, H. L. Alder, University of California, Davis; Vice-Presi- 
dent, E. L. Walters, William Penn Senior High, York, Pennsylvania; Governors-General, 
Nellie M. Kitchens, Hickman High School, Columbia, Missouri; Dr. J. R. Mayor, Di- 
rector, Science Teaching Improvement Program, Washington, D. C.;\Virginia L. Pratt, 
Central High School, Omaha, Nebraska. 


CONFERENCE ON CAREERS IN THE MATHEMATICAL SCIENCES 


A conference on Careers in the Mathematical Sciences was held by the Institute of 
Mathematical Sciences, New York University, on January 5, 1957. High school mathe- 
matics chairmen and vocational guidance counselors from New York, New Jersey, and 
Connecticut participated in the conference. 

The program included a discussion of employment opportunities at various levels, 
a description of some of the work in which mathematicians are involved, and a con- 
sideration of the role of high-speed electronic computing machines in science and 
technology. The speakers were: Professor Richard Courant, Dr. L. W. Cohen, Dr. C. R. 
DeCarlo, Professor Harold Grad, Professor Morris Kline, President C. V. Newsom, Dr. 
Mina S. Rees, Dean H. W. Stoke, and Professor J. J. Stoker. 


SUMMER SESSIONS 


The following institutions announce advanced courses in mathematics for the sum- 
mer of 1957. 

Columbia University, Teachers College, July 7 to August 16: Professor Rosskopf, de- 
partment seminar in teaching mathematics; Dr. Sobel, professionalized subject matter 
in advanced secondary school mathematics, materials and models in mathematics educa- 
tion; teaching of geometry; mathematics in the junior high school. Under the National 
Science Foundation: Professor Levi, sets, algebra and analysis; Professor Lott, Jr., 
probability and statistics; Professor Rosskopf and Mr. Rourke, teaching modern con- 
cepts in the secondary school, 
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DePaul University, June 24 to August 3: Professor DeCicco, abstract metric geom- 
etry, abstract set theory; Mr. Merkes, elementary differential geometry; Dr. G. Weiss, 
topics in conformal mapping. 

Kent State University, June 17 to July 20: Professor Iwanchuk, selected topics for 
elementary school teachers; Professor Bush, introduction to modern algebra; Professor 
Jenkins, introduction to mathematical statistics. July 22 to August 24: Professor Dres- 
sler, solid analytic geometry; Professor Johnson, history of mathematics; Professor 
Stapleford, advanced methods of teaching mathematics in high school. 

Michigan State University, June 25 to August 2: Professor Blair, differential equa- 
tions, functions of a complex variable; Professor Faith, college geometry; Professor 
Gaddum, advanced calculus III; Professor Nordhaus, potential theory; Professor Powell, 
concepts in mathematics (this course is part of a summer institute in mathematics, 
physics and chemistry sponsored by the National Science Foundation). June 25 to 
August 23: Professor Campbell, differential equations; Professor Herzog, functions of a 
complex variable III; Dr. Larcher, advanced mathematics for engineers II; Professor 
Oehmke, introduction to higher algebra III; Professor Parkus, advanced mathematics 
for engineers III, mathematical theory of elasticity, gas dynamics; Professor Peirce, 
vector analysis, computer coding I; Professor Reid, advanced calculus I, differential 
equations II; Professor Weeg, theory of matrices and groups, finite differences. 

New York University, Institute of Mathematical Sciences, June 17 to July 26: Dr. 
Rubin, advanced calculus and applications I; Research Professor Magnus, special func- 
tions of mathematical physics; Professor Shapiro, special topics in linear programming 
(all half-courses). July 29 to September 6: Professor Shapiro, special topics in number 
theory; Staff, advanced calculus and applications II, Laplace transform and Heaviside 
calculus (half-courses). 

Northwestern University, June 22 to August 17: Engineering mathematics I, III; 
numerical methods in mathematics; advanced calculus; geometry for teachers; complex 
variables for applications; topics in modern mathematics for teachers; modern algebra. 

Stanford University, June 25 to August 18: differential equations; introduction to the 
functions of a complex variable; selected topics from analysis; graduate seminar; Pro- 
fessor Herriot, computer laboratory; Staff, advanced reading and research. 

University of Buffalo, July 1 to August 9: Professor Bienert (Hobart College), finite 
differences, topics in geometry; Professor Gehman, history of mathematics; Professor 
Schneckenburger, theory of sets. 

University of Chicago, June 24 to August 30: Program emphasizes algebraic topology; 
Professor MacLane, introduction to algebraic topology; Professor Spanier, homology of 
locally compact spaces; Professor Eilenberg (Columbia University), foundations of fiber 
bundles; Professor Thom (University of Strassbourg, France), homotopy of functional 
spaces. Other advanced courses: Professor Chern and Kuranishi, infinite continuous 
pseudo-groups; Professor Segal, analysis in topological groups; Staff, advanced calcu- 
lus; algebra; projective geometry; set theory; complex variables. 

University of Florida, June 14 to August 10: Professor Blake, introduction to mathe- 
matical thought; Professor South, mathematical statistics; Professors Lang, Blake, and 
Rohde, higher mathematics for engineers and physicists; Professor Phipps, foundation 
of geometry; Professor Cowan, Fourier series; Professor Kokomoor, history of elemen- 
tary mathematics; Professor Hadlock, advanced topics in calculus; Professor Moore, 
theory of groups of finite order; Professor Pirenian, vector analysis; Professor Hutcher- 
son, synthetic projective geometry; Professor Butson, general topology. 

University of Illinois, June 17 to August 10: Professor Munroe, functions of real 
variables; Professor Hamilton, elementary geometry from a modern viewpoint; Dr. 
Zaring, group theory; Professor Landin, the teaching of selected mathematical topics in 
secondary schools. 


University of Michigan, June 24 to August 16: Professor Coburn vector analysis; 
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Professor Coxeter, college geometry, higher geometry; Professor Craig, probability, 
theory of statistics II; Professor Dushnik, advanced calculus; Professor Harary, founda- 
tions of mathematics; Professor Hewitt, functions of real variable, abstract harmonic 
analysis; Professor Higman, theory of matrices, Galois theory; Professor Jones, teaching 
of algebra, history of elementary collegiate mathematics; Professor Rainville, intermedi- 
ate differential equations; Professor Rothe, operational mathematics, integral equations; 
Professor Shields, Fourier series, dimension theory; Professor Titus, advanced calculus 
for engineers; Professor Ullman, functions of complex variable with applications; Pro- 
fessor Wesler, calculus of finite differences, theory of statistics I. 

University of Minnesota, College of Science, Literature and Arts, June 17 to July 20: 
Professor Gibbens, solid analytic geometry; Professor Shapiro, probability, topics in 
topology. July 22 to August 24: Professor Olmsted, introduction to the theory of func- 
tions, advanced algebraic theory; Professor Munro, theory of numbers, calculus of finite 
differences. An Institute for High School Teachers of Mathematics will be conducted 
from June 17 to August 10. 

University of Nebraska, June 13 to August 2: Dr. Cree, differential equations; Dr. 
Schweppe, projective geometry; Professor Leavitt, theory of equations; Professor Basoco, 
Laplace transforms; Staff, reading course, thesis. 

University of North Carolina, June 6 to July 13: Professor Mackie, theory of equa- 
tions; Professor Linker, differential equations; Professor MacNerney, partial differential 
equations, topics in analysis. July 15 to August 21: Professor Hoyle, elementary algebra 
from an advanced viewpoint; Professor Garner, introduction to higher geometry; Pro- 
fessor Hill, elementary mathematical statistics; Professor Lasley, analytic geometry from 
a higher standpoint; Professor Wall, some recent results in algebra. 

University of Oklahoma, June 6 to August 3: Professor Bernhart, college geometry; 
Professor Springer, elementary differential equations, ordinary and partial differential 
equations; Professor LaFon, vector analysis; Professor Brixey, theory of groups. 

University of Pennsylvania, June 24 to August 3: Professor Gottschalk, axiomatics of 
number systems; Professor Epstein, numerical methods and differential equations, the- 
ory of functions of a complex variable; Professor Yang, introduction to higher algebra. 

University of Pittsburgh, June 10 to July 19, July 22 to August 30: Professor Barsotti, 
differential equations; Professors Blumberg and Christiano, advanced calculus; Profes- 
sor Taylor, functions of a complex variable; Professor Bryson, partial differential equa- 
tions and Fourier series; Professor Bompiani, algebraic geometry; Professor Laush, 
calculus of variations; Professor Levine, topology. June 17 to August 9 (evenings): 
Professors Edwards and Knipp, differential equations; Professors Bryson and Laird, 
mathematics of modern engineering; Professor Laush, integral equations; Professor 
Levine, functions of a complex variable (second half of two semester course). July 1 to 
August 9: Professor Elyash, differential equations for students of engineering; Professor 
Teats, history of mathematics; Professor Kehl, introduction to the mathematics of digital 
computation; Professor Myers, recreational mathematics for teachers, teaching of sec- 
ondary school mathematics; Professor Kachun, navigation for teachers; Professor DeSua 
introduction to the foundations of mathematics. 

University of South Carolina, June 10 to August 10: Professor Lee, theory of equa- 
tions; Professor Novak, college geometry; Professor Williams, advanced calculus, theory 
of functions of complex variables; Professor Hedberg, introduction to modern algebra. 
A Summer Institute for Teachers of High School Mathematics will be held simultane- 
ously with the Summer Session; Director, Professor W. L. Williams. 

University of Texas, June 4 to July 16: Professor Craig, applications of tensor analy- 
sis; Professor Moore, theory of sets; Professor Ettlinger, research in integral equations. 
July 17 to August 27: Professor Lane, continued fractions; Professor Wall, analytic 
functions, infinite processes. 

University of Virginia, June 24 to August 17: Professor Plunkett, foundations of 
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algebra (for 6 weeks beginning July 8), differential equations and applied mathematics; 
Professor Botts, introductory analysis; Professor Floyd, analytic topology. 

University of Washington, June 24 to August 22: Professor Walter, linear algebra; 
Professors McFarlan, Kingston, and Leipnik, differential equations; Professor Avann, 
advanced calculus and vector analysis, applications of vector analysis; Professor Cram- 
let, topics in applied analysis; Professor Livingston, advanced euclidean geometry; non- 
euclidean geometry; Professor Pierce, foundations of mathematics. 

University of Wyoming, June 10 to July 12: Professor Walsh, theory of determinants 
and matrices; Staff, ordinary differential equations; Professor Barr, seminar in analysis; 
Professor Neubauer, history of mathematics. July 15 to August 16: Professor Varineau, 
advanced calculus, fundamental concepts of mathematics; Professor S. R. Smith, partial 
differential equations, Fourier series and boundary value problems. 

Virginia Polytechnic Institute, Southern Regional Graduate Summer Session in Sta- 
tistics, June 12 to July 20: Dr. DeLury (Ontario Research Foundation, Toronto, Can- 
ada) and Dr. McHugh (Virginia Fisheries Laboratory), sampling of biological popula- 
tions; Dr. Williams (Commonwealth Scientific and Research Organization, Melbourne, 
Australia), analysis of variance; Professor Ash, statistical inference; Professor Brenna, 
engineering statistics; Professor Bradley, rank order statistics; Professor Clunies-Ross, 
probability; Professor J. E. Freund, stochastic processes; Professor R. J. Freund, sam- 
pling; Professor Kramer, statistical methods; Professor Wine, theory of least squares. 
Director: Professor Boyd Harshbarger. 

Wayne State University, Computation Laboratory, June 3 to 8: introduction to com- 
puters and their applications. June 10 to 15: data processing in business and industry. 
September 9 to 14: industrial and management computer applications. Experts from 
various parts of the country and the staff of the laboratory will participate. A Confer- 
ence on Matrix Computations will be held September 3 to 6 (see May MonrtTHLY). 


PERSONAL ITEMS 


Professor J. M. Barbour, Michigan State University, has been elected President of 
the American Musicological Society for the term 1957-59. 

Professor Emeritus George Polya, Stanford University, has been elected to honorary 
membership in the London Mathematical Society. 


College of Arts and Sciences, Baghdad, Iraq: Professor H. Schatz has been appointed 
Professor; Dr. M. W. Al-Dhahir has been promoted to Assistant Professor; Mr. Waleed 
Al-Salam has been given a scholarship to study at Duke University; Mr. Y. Al-Duri is 
studying at the University of Oregon. 

Michigan State University: Dr. Heinrich Larcher, Institute Montana, Zugerberg, 
Switzerland, has been appointed Instructor; Dr. W. H. Peirce, University of Wisconsin, 
has been appointed Assistant Professor; Professor Henry Parkus, Institute of Technol- 
ogy, Vienna, has been appointed Visiting Professor for the spring and summer terms of 
1957; Dr. S. K. Berberian and Dr. J. H. McKay have been promoted to Assistant Pro- 
fessors. 

University of Virginia: Dr. R. P. Goblirsch, Teaching Assistant, University of Wis- 
consin, has been appointed Instructor; Associate Professor E. E. Floyd has been pro- 
moted to Professor. 


Mr. A. T. Bharucha-Reid has been appointed Instructor at the University of Oregon. 

Associate Professor O. C. Collins, University of Nebraska, is on leave of absence and 
is a resident consultant with General Mills, Minneapolis, Minnesota. 

Dr. Martin D. Davis, Ohio State University, has been appointed Assistant Professor 
at Hartford Graduate Center, Rensselaer Polytechnic Institute. 
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Dr. D. O. Ellis, Electronics Division, National Cash Register Company, Hawthorne, 
California, has a position as a research scientist and head of the analysis staff of Litton 
Industries, Beverly Hills, California. 

Assistant Professor R. L. Gay, Wake Forest College, has been promoted to Associate 
Professor. 

Dr. W. A. Howard, University of Chicago, has accepted a position as a mathemati- 
cian with Bell Telephone Laboratories, Whippany, New Jersey. 

Mr. O. C. Juelich is employed now as a computing engineer at North American Avia- 
tion, Columbus, Ohio. 

Dr. J. Lawrence Katz, Polytechnic Institute of Brooklyn, has been appointed Assist- 
ant Professor of Physics at Rensselaer Polytechnic Institute. 

Dr. Manfred Kochen, Columbia University and the Institute for Advanced Study, 
has accepted a position as an associate mathematician with the International Business 
Machines Corporation Research Center, Poughkeepsie, New York. Dr. Kochen was 
formerly a Ford Foundation fellow at Harvard University. 

Associate Professor J. A. Larrivee, Worcester Polytechnic Institute, is employed as a 
mathematical analyst by Lockheed Aircraft Corporation, Burbank, California. 

Dr. W. S. Mahavier, Defense Research Laboratory, University of Texas, has been 
appointed Instructor at Illinois Institute of Technology. 

Mr. H. W. Martin, Clarendon Junior College, has been appointed Instructor at 
Amarillo College. 

Miss Ethelyn L. McBee, University of Florida, has been appointed Associate Profes- 
sor and Head of the Department of Mathematics at Wesleyan College. 

Mr. R. P. Mitchell, White Sands Signal Corps Agency, has accepted a position as a 
mathematician with the Naval Ordnance Laboratory, Corona, California. 

Professor C. N. Moore, University of Cincinnati, is a visiting lecturer at the Uni- 
versity of South Carolina for the second semester of 1956-57. 

Dr. W. L. Nicholson, Princeton University, has accepted a position as a research 
statistician with General Electric Company, Richland, Washington. 

Mr. R. J. Pipino has been appointed Instructor at Western Reserve University. 

Mr. G. F. Simmons, Yale University, has been appointed Assistant Professor at the 
University of Rhode Island. 

Mr. W. W. Varner, Head, Computation Laboratory, University of Colorado, has a 
position as Head of the Flight Simulation Laboratory and Computers, Convair Astro- 
nautics, General Dynamics Corporation, San Diego, California. 

Miss Marion I. Walter, Teaching Assistant, Cornell University, has been appointed 
Assistant Professor at Simmons College. 


Professor Emeritus E. P. Adams of Princeton University died on December 31, 1956. 
He was a charter member of the Association. 

Dr. Tobias Dantzig, who had retired from the position of Chairman of the Depart- 
ment of Mathematics, University of Maryland, died on August 9, 1956. 

Professor F. W. Reed of Ohio University died on November 22, 1956. He was a 
member of the Association for thirty-seven years. 

Professor Emeritus Carrie B. Taliaferro of State Teachers College, Farmville, Vir- 
ginia, died on September 14, 1955. She was a member of the Association for thirty-four 
years. 

Professor Emeritus H. S. Uhler of Yale University died on December 6, 1956. He was 
a charter member of the Association. 

Professor Emeritus F. B. Wiley of Denison University died on December 14, 1956. 
He was a charter member of the Association. 
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THE MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 


REPORT OF THE TREASURER FOR THE YEAR 1956 


Following is a summary of the report of Professor H. M. Gehman as Treasurer of 
the Association for the year 1956. The complete report has been approved by the 
Finance Committee and accepted by vote of the Board of Governors. Any member of 
the Association who wishes the complete report of the Treasurer may obtain it by 
writing to the office of the Association. 

There was a deficit of $4,111 in the Current Fund of the Association for the year 
1956. This deficit was anticipated by the Finance Committee when the Budget for 1956 
was adopted. It is believed that with increased receipts for dues and other items, the 
Current Fund will have no deficit during 1957. 


ASSETS OF THE ASSOCIATION January 1, 1956 DECEMBER 31, 1956 


156,674.52 161,982.94 

FuNDs OF THE ASSOCIATION 

111,947.66 110,522.00 
Fund for Committee on Undergraduate aia 21,564.33 8,069.77 
Fund for Committee on Films................... — 448.73 

156,674.52 161,982.94 


NEW MEMBERS 


Professor H. M. Gehman, Secretary-Treasurer, announces that the following 171 
persons have been elected to membership by the Board of Governors on applications 
duly certified. 


R. J. Adler, Student, Carnegie Institute of William Allan, B.A.(Amherst) Actuary, 
Technology Home Life Insurance Co., New York, N. Y. 
S. J. Adler, Ph.D.(Columbia) Chemist, Rev. R. W. Allen, S.J., Ph.D.(St. Louis) 
Brookhaven National Laboratory, Upton, Chm., Department of Mathematics, Xa- 
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Yale Altman, M.S.(Boston U.) Field Repre- 
sentative, Addison-Wesley Publishing Co., 
Reading, Mass. 

Maurice Anderson, A.B.(Wayne_ S.T.C.) 
Grad. Asst., University of Nebraska. 
Mansur Arbabi, B.S. in E.E. (California State 
Poly. C.) Instr., Seattle University. 

R. J. Arguello, B.E.E. (Poly. Inst. of Brooklyn) 
Electrical Design Engr., Otis Elevator Co., 
Brooklyn, N. Y. 

J. W. Armstrong, A.B.(San Jose S.C.) Grad. 
Student, San Jose State College. 

Lawrence Arnold, Student, Occidental College. 

F. W. Ashley, Jr., B.S.(Oklahoma) Lexing- 
ton, Massachusetts. 

M. H. Barnebey, M.S.(Ohio S.U.) Asso. Pro- 
fessor, Tougaloo Southern Christian Col- 
lege. 

G. D. Bisbey, M.S.(Iowa S.C.) Instr., Wis- 
consin State College, River Falls. 

J. T. Bliss, B.S.(Black Hills T.C.) Math., 
Directorate of Research and Development, 
Holloman Air Development Center, N. 
Mex. 

G. C. Branche, M.S.(Rochester) Grad. Asst., 

University of Rochester. 

E. W. Brande, S.J., M.S.(St. Louis) 

Grad. Student, St. Louis University. 

R. D. Branstetter, Ph.D.(Iowa S.C.) Asst. 
Professor, San Diego State College. 

G. A. Brown, Grad. Student, Rutgers Uni- 
versity. 

A. J. Burda, Jr., B.S.(U. S. Naval Acad.) 
Instr., University of Maryland. 

Mrs. Marjorie V. Butcher, M.A. (Michigan) 
Instr., Trinity College, Connecticut. 

Jean S. Campbell, Math., Office of Naval Re- 
search, Washington, D. C. 

D. L. Carlstrom, Student, Eastern Montana 
College of Education. 

S. D. Chatterji, M.S.(Lucknow U.) Grad. 
Asst., Syracuse University. 

Evan Chenet, Jr., M.A. (Columbia) 

York, New York. 

A. A. Clarke, S.J., M.A. (Fordham) 

Instr., Fordham University. 

E. H. Connell, B.A.(McMurry) Res. Scien- 
tist, Missile Systems Division, Lockheed 
Aircraft Corp., Palo Alto, Calif. 

H. H. Corson, Ph.D.(Duke) Instr., Tulane 
University. 
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H. L. Dachslager, M.S.(Wisconsin) Grad. 
Student, University of Wisconsin. 

J. O. Danley, M.A.(Oklahoma) Instr., East 
Central State College. 

C. T. Daub, Jr., Student, Carleton College. 

H. J. Davis, M.S.(Stanford) Instr., Pomona 
College. 

J. D. DePree, B.A.(Hope C.) Instr., Uni- 
versity of Colorado. 

R. L. Duncan, M.A.(Pennsylvania S.U.) 
Instr., Pennsylvania State University. 
Janet M. Dunning, M.A. (Columbia U., Teach- 
ers C.) Head, Department of Mathe- 
matics, Ramapo Regional High School, 

N. J. 

Philip Dwinger, Ph.D.(Leiden) Asst. Profes- 
sor, Purdue University. 

R. L. Edwards, Jr., B.E.E.(Alabama P.I.) 
Grad. Student, Johns Hopkins University. 

Herman Elson, M.A.(N.Y.U.) Teacher, Tech- 
nical High School, Buffalo, N. Y.; Instr., 
University of Buffalo. 

Carlos Fallon, Lieutenant (Natiénal Military 
Acad., Colombia) Engr., Vitro Corpora- 
tion of America, Silver Spring, Md. 

H. L. Farris, Jr., B.A.(Texas) Math., Douglas 
Aircraft Co., Tulsa, Okla. 

Walter Feit, Ph.D.(Michigan) United States 
Army. 

Thorleif Fostvedt, M.S.(Chicago) Asso. Pro- 
fessor, University of Alberta. 

Charles Fox, D.Sc.(London, England) 
fessor, McGill University. 

L. B. Fuller, M.A.(Michigan) Grad. Asst., 
University of Rochester. 

S. E. Ganis, M.S.(Michigan) Asso. Professor, 
Ohio Wesleyan University. 

Dot J. Gifford, M.A.(Oklahoma) Asst. Pro- 
fessor, Oklahoma College for Women. 

J. H. Gissel, M.S.(North Dakota) Instr., 
General Motors Institute, Flint, Mich. 

I. I. Glick, B.A.(Johns Hopkins) Res. Asst., 
University of Maryland. 

Esther E. Guerin, B.S.(Douglass) Teacher, 
Roxbury High School, Succasunna, N. J. 

Mary Hagen, B.A.(Coll. of St. Elizabeth) 
Palisade, New Jersey. 

D. L. Hartford, B.A.(Kentucky) Instr., Uni- 
versity of Kentucky. 

E. L. A. Hayes, B.S.(Seton Hall) United 
States Army. 
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J. W. Haynes, Jr., M.A. (California, Berkeley) 
Grad. Student, University of California. 

Leon Henkin, Ph.D.(Princeton) Asso. Pro- 
fessor, University of California, Berkeley. 

Mrs. Dagmar R. Henney, M.S.(Miami) 
Junior Instr., University of Maryland. 

J. N. Herrmann, Res. Stress Analyst, Bendix 
Products Division, South Bend, Ind. 
Aaron Herschfeld, M.A.(Columbia) Asst. 

Professor, Canisius College. 

J. C. Hickman, M.S.(S.U. of Iowa) Actuarial 
Asst., Bankers Life Co., Des Moines, Iowa. 

E. T. Hodges, M.A.(North Carolina) Asso. 
Professor, College of William and Mary. 

Frederick Hoffman, Student, Georgetown Uni- 
versity. 

H. E. Homesley, Jr., B.S. (Jacksonville S.C.) 
Grad. Student, University of Florida. 

V. E. Howes, Doctorat d’Universite (Paris) 
Instr., Fresno State College. 

L. C. Huffman, M.Ed. (Midwestern) 
Midwestern University. 

Elaine L. Johnson, Student, Carleton College. 

M. C. Johnson, Jr., M.S.(Illinois) Editor, 
College Department, McGraw-Hill Book 
Co., New York, N. Y. 

D. L. Jones, Student, University of Colorado; 
Math. Aide, National Bureau of Stand- 
ards, Boulder, Colo. 

]. P. Jordan, B.S.(Fordham) Teaching Asst., 
Rutgers University. 

F. J. Kammel, Student, St. John’s University. 

G. A. Kandall, Student, Princeton University. 

Y. H. Kao, B.S. (National Taiwan U., China) 
Grad. Asst., Oklahoma Agricultural and 
Mechanical College. 

Seymour Kass, B.A.(Brooklyn C.) Grad. 
Student, Stanford University. 

Costas Kassimatis, M.A.(Toronto) Instr., 
Lehigh University. 

N. D. Kazarinoff, Ph.D.(Wisconsin) Asst. 
Professor, University of Michigan. 

Mildred Keiffer, M.A.(Columbia) Supervisor 
of Math., Cincinnati Board of Education, 
Ohio. 

Mrs. May E. R. Kinsolving, M.S. (Michigan) 
Instr., Harpur College. 

W. A. Kirby, M.A.(Wyoming) Teaching 
Asst., University of Texas. 

R. B. Kirchner, Student, Carleton College. 
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R. M. Kozelka, Ph.D.(Harvard) Asst. Pro- 
fessor, University of Nebraska. 

Capt. W. H. Lake, B.S.(U. S. Military Acad.) 
U. S. Naval Academy. 

E. F. Lang, M.D.(Michigan) Radiologist, L. 
Reynolds and Assoc., Detroit, Mich. 

R. L. Larson, Student, San Diego State College. 

G. M. Lehnen, A.B.(Northern Michigan C. of 
Ed.) Equipment Engr., Western Electric 
Co., Chicago, III. 

L. L. Lichti, M.A.(Nebraska) Registrar, 
Hesston College. 

C. E. Linderholm, Student, University of Chi- 


cago. 

P. W. Lindsey, Jr., B.S.(Alabama P.I.) 
Teaching Fellow, Alabama Polytechnic 
Institute. 

Shirley T. Loeven, B.S. in Ed.(Central Mis- 
souri S.C.) Asst. Instr., University of 
Kansas. 

Joyce M. Lutz, Student, University of Ken- 
tucky. 

A. G. MacLean, M.A.(Oxford, England) 

Mgr., Statistical Services, California Test 
Bureau, Los Angeles, Calif. 

J. C. Mairhuber, M.S.(Rochester) Instr., 
University of Rochester. 

J. E. Martin, M.S.(Vanderbilt) Asst. Profes- 
sor, Virginia Military Institute. 

M.S. Matheson, B.S.(Maine) Instr., Pemetic 
High School, Southwest Harbor, Me. 

J. R. McCarthy, M.A.(Boston C.) Instr., 
College of the Holy Cross. 

R. W. McChesney, B.S.(Union) Teaching 
Asst., University of Rochester. 

H. B. McClung, M.S. (West Virginia) Instr., 
West Virginia University. 

R. E. McGill, B.A.(Wooster) Res. Asst., 
University of Maryland. 

D. D. McKeachie, M.S.(Michigan) Instr., 
General Motors Institute, Flint, Mich. 

L. D. McLean, Jr., M.S.(Arizona) Instr., 
University of Arizona. 

Brockway McMillan, Ph.D.(M.I.T.) Asst. 
Director, Systems Engineering, Bell Tele- 
phone Labs., New York, N.Y. 

J. L. Ménard, B.S.(Montreal) Student, Uni- 
versity of Montreal. 

R. J. Merikangas, B.A.(Tulane) Ensign, 


United States Navy. 
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Rosemary Milkovitch, M.A.(Montana) Pro- 
fessor, Eastern Montana College of Educa- 
tion. 

R. P. Mitchell, M.A.(Denver) Math., U. S. 
Naval Ordnance Lab., Corona, Calif. 
Franklin Mohr, M.A.(Columbia) Summit, 

New Jersey. 

W. O. J. Moser, M.A.(Minnesota) Instr., 
University of Saskatchewan. 

I. H. Mufti, M.S.(Karachi) Grad. Asst., 
University of British Columbia. 

M. G. Mundt, B.A.(Luther C.) Grad. Asst., 
Iowa State College. 

S. E. Natelson, Student, Carleton College. 

L. F. Nattinger, Field Engr., Westinghouse 
Electric Corp., Calif. 

W. L. Nicholson, Ph.D. (Illinois) Statistician, 
General Electric Co., Richland, Wash. 

R. Z. Norman, Ph.D.(Michigan) Asst. Pro- 
fessor, Dartmouth College. : 
Torsten Norvig, B.A.(Copenhagen) Teaching 

Asst., Brown University. 

Ellen Oliver, Student, Brooklyn College. 

Mrs. Vivienne H. Olson, M.S. (Pittsburgh) 
Teacher, Chicago City Junior College, 
Wilson Branch. 

W. E. Olson, Jr., Student, Carleton College. 

C. D. Papakyriakopoulous, Doctor (Athens, 
Greece) Institute for Advanced Study. 

K. C. Park, Professor, Seoul National Uni- 
versity, Korea. 

S. K. Patton, B.S. (Washington & Lee) 
Asst., Syracuse University. 

C. Y. Pauc, Ph.D. (Paris) Visiting Professor, 
Purdue University. 

R. J. Pegis, Student, University of Toronto. 
Martha M. Pennell, Student, Cornell Univer- 
sity. 
C. A. Perkins, B.S. in B.A.(Boston U.) Asst. 
Section Chief, Connell, Price & Co., Bos- 

ton, Mass. 

0. W. Peterson, M.E.(Montana S.U.) Asso. 
Professor, Eastern Montana College of 
Education. 

R. L. Pierce, Student, Carleton College. 

R. J. Pipino, M.A.(Johns Hopkins) Instr., 
Western Reserve University. 

Mrs. Judith M. S. Prewitt, Math. Analyst, 
Burroughs Corp., Philadelphia, Pa.; Stu- 
dent, Swarthmore College. 
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Mrs. Mabel G. Reavis, Ph.D.(Duke) Asst. 
Professor, Texas Christian University. 
Heinz Renggli, D.Sc. (Swiss Federal 1.T.) Res. 
Instr.. Newcomb College, Tulane Uni- 

versity. 

R. A. Restrepo, Ph.D. (California I1.T.) Lec- 

turer, University of British Columbia. 

. R. Riehm, Student, University of Toronto. 

. H. Riffenburgh, M.S. (William and Mary, 

Richmond Div.) Asst. Professor, Vir- 
ginia Polytechnic Institute. 

E. W. Robinson, B.S. in Ed. (Northeastern 
S.C.) Grad. Asst., Oklahoma Agricul- 
tural and Mechanical College. 

C. C. Robusto, Ph.D.(Fordham) Asso. Pro- 
fessor, St. John’s University. 

H. M. Roensch, Sr., LL.B.(Texas) Linneus, 
Missouri. 

Milton Rosenthal, M.D.(California) Los 
Angeles, California. 

T. S. Rowland, M.S. in Ed.(Kentucky) Ma- 
chine Programming Math., Ames Aero- 
nautical Lab., Moffett Field, Calif. 

I. D. Ruggles, M.A.(Wyoming) Grad. Asst., 
Iowa State College. 

Rev. J. P. Ruth, C.S.B., M.A.(Michigan) 
Professor, St. John Fisher College. 

D. B. Saylors, Student, University of Tulsa. 

A.H. Schlenker, A.M.(Indiana) Acting Instr., 
University of Tulsa. 

Hans Schneider, Ph.D.(Edinburgh) Asst. Pro- 
fessor, State College of Washington. 

R. A. Schwabe, B.A.(Denison) Grad. Asst., 
Syracuse University. 

G. B. Seligman, Ph.D.(Yale) Instr., Yale 
University. 

M. W. Shelly, II, Ph.D.(Wisconsin) Res. 
Asso., Ohio State University. 

Alfonso Shimbel, Ph.D. (Chicago) Asst. Pro- 
fessor, Illinois Institute of Technology. 
Marvin Shinbrot, M.A. (Syracuse) Aero. Res. 
Scientist, National Advisory Committee 

for Aeronautics, Moffett Field, Calif. 

R. E. Simmons, B.A.(San Diego S.C.) Asst. 
Instr., San Diego State College. 

F. W. Sinn, Jr., Student, Temple University. 

Sister Mary Leonora Bagley, M.A. (St. Bona- 
venture) Villa Maria College, Erie, Pa. 

Alliston Slade, M.A. (Mississippi) Instr., Uni- 
versity of Mississippi. 
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James R. Smart, M.A.(George Peabody) In- 
str., Texas Western College. 

J. L. Snyder, Arcadia, California. 

D. L. Stark, Student, University of Washing- 
ton. 

R. E. Stearns, Student, Carleton College. 

Capt. E. E. Stevenson, M.Ed. (Houston) 
Instr., U. S. Air Force Academy. 

P. A. Steveson, Student, San Diego State Col- 
lege. 

R. F. Stewart, Student, Carleton College. 

Werner Stumpf, Calculation Clerk, Prudential 
Insurance Co., Newark, N. J.; Student, 
Rutgers University. 

J. D. Tarwater, Student, Texas Technological 
College. 

D. R. Truax, Ph.D.(Stanford) Asst. Profes- 
sor, University of Kansas. 

R. D. S. Tuan, M.S., Ed.D.(Denver) Profes- 
sor, Tougaloo Southern Christian College. 

Fred Van Vleck, B.S.(Nebraska) Grad. Asst., 
University of Nebraska. 


R. G. Vinson, M.A.(Florida S.U.) Instr, 
University of Tennessee. 

Wilbur Waggoner, Ed.D.(Wyoming) Asst. 
Professor, Central Michigan College. 

W. T. Walker, M.S.(Virginia P.I.) Math, 
Air Force Armament Center, Eglin Air 
Force Base, Fla. 

Marion I. Walter, M.S.(N.Y.U.) Asst. Pro- 
fessor, Simmons College. 

J. B. Wells, Jr., M.S.(Kentucky)  Instr., Uni- 
versity of Kentucky. 

Mrs. Leonora Wikswo, M.A.(Columbia) In- 
str., Sweet Briar College. 

L. K. Williams, Ph.D. (California) Asst. Pro- 
fessor, Grambling College. 

Frances L. Wolfe, M.A.(Kansas) Instr., Uni- 
versity of Kansas. 

C. W. Wright, M.A.(Michigan) Instr., Castle- 
ton State Teachers College, Vt. 

J. T. Yamada, Lecturer, McGill University. 

R. L. Yates, M.A.(Florida) Grad. Student, 
University of Florida. 


THE DECEMBER MEETING OF THE 
MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA SECTION 


The fall meeting of the Maryland-District of Columbia-Virginia Section of the 
Mathematical Association of America was held at the College of William and Mary, 
Williamsburg, Virginia, on December 1, 1956. Professor R. C. Yates, Chairman of the 
Section, presided at the morning and afternoon sessions. 

There were 70 persons in attendance, including 40 members of the Association. 

By unanimous vote of members present, the Section approved the following resolu- 


tion: 


Whereas the Mathematical Association of America has voted to sponsor a nation- 
wide mathematics contest for high schools in 1958; 
And, Whereas, the Md-DC-Va. Section has operated a successful local contest in 


these three states each year since 1954; 


And, Whereas, certain advantages can be gained by coordination in contest activities, 
thus securing better support, prestige, and financial backing: 

Therefore, be it resolved that the Md-DC-Va. Section does hereby— 

(1) Express interest in participating in, and hereby offer its services on the National 
Standing Committee on High School Contests to be appointed by the President of the 


Association; 


(2) Authorize its present contest committee to serve as the Sectional Committee on 
High School Contests, as mentioned in section IIIa (1) of the National Committee 


recommendations; 


(3) Authorize this committee to continue to conduct our present contest program 
until transition to the national program is approved by our executive committee. 


The following papers were presented: 


1. A unique formula for the ratio of the areas of two triangles, the one formed by trans- 
versals through the vertices of the other, by Professor S. T. Gormsen, Virginia Polytechnic 


Institute. 
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A formula was developed which expresses the ratio of the area of a given triangle to the area 
of a second triangle, formed by passing three transversals through the vertices of the given triangle 
and dividing each of the opposite sides into two segments. As a consequence of this formula, proofs 
for at least four important geometric theorems about concurrency of lines, such as the converse 
of “Ceva’s Theorem,” follow immediately. 


2. The place of mathematics in Austrian education, by Professor Herta T. Freitag, 
Hollins College. 


Curricular offerings and teaching procedures on all levels of mathematics in the Austrian 
school system were sketched as experienced from 1914 to 1938, and observed in 1954. 


3. The geometry of the compass, by Professor L. S. Shively, Bridgewater College. 


This paper presented a brief exposition of the geometric constructions of Mascheroni (1797) 
in which the compass only is used. It was demonstrated that any construction which can be made 
with straight edge and compass can be made with the compass only. Also, the constructions with 
five fixed compasses, for the division of the circle into equal arcs, as made by Mascheroni, were 
given. One of these (division into 4 equal arcs) is the so-called problem of Napoleon. 


4. A theorem concerning the Bernstein polynomials, by Mr. H. W. Gould, University 
of Virginia. 


It was shown that if f(x) is a polynomial of degree »v in x, then the Bernstein polynomials of 
f(x) are given by Bi(x) =f(x)+ where the Q2(x) (independent of k) are poly- 
nomials of degree Sv which can be given explicitly in terms of the Stirling numbers of the first and 
second kinds. The existence of Qa(x) was proved by E. J. McShane, Ann. of Math., Study 31, page 
119. 


5. On the Gibb’s phenomenon in the eigenfunction series associated with a non-self- 
adjoint differential equation, by Professor L. I. Mishoe, Morgan State College. 


This paper investigated the Gibb’s phenomenon of the series expansion of an arbitrary func- 
tion f(x) in terms of the eigenfunctions of the system (A +\B)u=0, u(a) =u(b) =0, where A is the 
differential operator (d?/dx*)-+-q(x) and B is the operator (d/dx)+ (x), and showed that such an 
expansion will exhibit the Gibb’s phenomenon whenever the classical Fourier series does so. 


6. Contribution to the theory of the blunderbuss, by Mr. Peter Treuenfels, Ballistics 
Research Laboratory, Aberdeen Proving Ground, Maryland. 


Special solutions of the equations of nearly one-dimensional time dependent compressible 
isentropic flow of a perfect gas are studied, subject to the assumptions that the Mach number is 
independent of time and that the gas velocity varies inversely with time. The system of differential 
equations considered in this paper is non-singular at sonic velocity. The solutions can be completely 
described in terms of quadratures of elementary functions. Numerical values are presented. It is 
believed that the material would form a suitable topic of discussion for an undergraduate mathe- 
matics club. 


7. The National High School Mathematics Contest, Panel Discussion by Professor 
R. P. Bailey, U. S. Naval Academy (Former Chairman, National Contest Committee), 
Mr. W. H. Norris, Norfolk Public Schools (Chairman, MD-DC-Va. Contest Committee), 
and Professor D. B. Lloyd, D. C. Teachers College (Former Chairman, NCTM Contest 
Committee). 


The speakers discussed the implications of the National Contest Recommendations recently 
approved by the Board of Governors and considered the general question of the participation of the 
Section in the project. 
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8. A plea for changed attitudes toward science, by Dr. B. C. Dees, Assistant Director 
of Scientific Personnel and Education, National Science Foundation (invited address), 


We must create a more favorable climate for science education in the United States. As we 
succeed in presenting science and mathematics to students and to the public in more meaningful, 
more accurate ways, we will create the kind of respect for science and scientists which will improve 
attitudes toward science. Clearly, we must train our high school teachers more adequately, and we 
must see to it that they are given more status and more pay. We must make sure that the right 
kinds of science curricula are made available to students at all educational levels—and that stu- 
dents are properly counseled so that they do not rule out for themselves careers in science by 


choosing unwisely the courses they take in high school. 


R. P. Barley, Secretary 


CALENDAR OF FUTURE MEETINGS 
Thirty-eighth Summer Meeting, Pennsylvania State University, University Park, 


Pennsylvania, August 26-27, 1957. 


Forty-first Annual Meeting, University of Cincinnati and Hotel Sheraton-Gibson, 


Cincinnati, Ohio, January 31, 1958. 


The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Associate Secretary. 


ALLEGHENY Westinghouse Re- 
search Laboratories, Pittsburgh, Pennsyl- 
vania, May 4, 1957. 

ILtrnors, Illinois State Normal University, 
Normal, May 10-11, 1957. 

INDIANA, May 4, 1957. 

Iowa, Iowa State Teachers College, Cedar 
Falls, April 26-27, 1957. 

Kansas, University of Kansas, Lawrence, 
April 13, 1957. 

Kentucky, Berea College, Berea, April 27, 
1957. 

MARYLAND-DistRICT OF COLUMBIA-VIRGINIA, 
Johns Hopkins University, Baltimore, 
Maryland, May 4, 1957. 

METROPOLITAN NEw York, Hunter College, 
New York, April 27, 1957. 

MICHIGAN 

Minnesota, Carleton College, 
May 11, 1957. 

Missovur!, Southeast Missouri State College, 
Cape Girardeau, April 27, 1957. 

NEBRASKA, University of Nebraska, Lincoln, 
April 26, 1957. 


Northfield, 


New Fall, 1957. 

NORTHEASTERN, Dartmouth College, Hanover, 
New Hampshire, November 28, 1957. 

NORTHERN CALIFORNIA, January, 1958. 

Onto, University of Cincinnati, April 20, 1957. 

OKLAHOMA, University of Arkansas, Fayette- 
ville, April 12-13, 1957. 

PaciFic NoRTHWEST, State College of Washing- 
ton, Pullman, June 14, 1957. 

PHILADELPHIA, November 28, 1957. 

Rocky Colorado School of Mines, 
Golden, May 3-4, 1957. 

SOUTHEASTERN 

SouTHERN CALIFORNIA, San Diego State Col- 
lege, May 11, 1957. 

SouTHWESTERN, University of Arizona, Tucson, 
April 26-27, 1957. 

Texas, University of Houston, Houston, April, 
1957. 

Upper New York Strate, Skidmore College, 
Saratoga Springs, May 4, 1957. 

Wisconsin, Wisconsin State College, White- 
water, May 11, 1957. 
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re. in the design of reactors 
fos naval propulsion at Combustion Engi- 
Nuclear Research and Development 


located on.a 535 acre site in 


positions available i in the anal- 
‘ie of programming problems for high-speed digital - 
‘computers. Previous desirable 

not 


LONG ESTABLISHED COMPANY. 
OF A PIONEER IN THE ne 
MANUFACTURE OF 


: Submit Resume to 
A “ Frederic A. Wyatt 


COMBUSTION ENGINEERING, INC. 


REACTOR DEVELOPMENT DIVISION, WINDSOR, CONN. 
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Do you belong in IBM Applied Science? 
THIS CONSULTING JOB IS NOW OPEN! 


COULD YOU 


Rewarding careers are open to men with 
degrees in: 


* Chemistry * Mathematics 

* Economics * Physics 

* Engineering * Statistics 
Responsibilities: 


* Advise customers and prospects in regard to 
the scientific and technical applications of IBM 
electronic equipment. 

* Analyze customers’ technical problems in terms 
of machines and their applications. 

* Deliver talks about the computing field —sup- 
ported by demonstrations—to customers, pros- 
pects, scientific groups, and IBM personnel. 

* Maintain constant and close contact with the 
customer's top management and associated IBM 


executive. 


DATA 
PROCESSING 


DATA PROCESSING ¢ ELECTRIC TYPEWRITERS 
TIME EQUIPMENT ¢ MILITARY PRODUCTS 


Recently promoted, this man for- 
merly worked as an IBM Applied 
Science representative out of the 
Los Angeles office. For the past four 
years, he has assisted the executives 
of many leading corporations, ap- 
plying mathematical and scientific 
methods to the problems of manage- 
ment. He also utilized electronic 
digital computers for engineering 
and medical research. Later, he co- 
ordinated IBM’s activities with uni- 
versities and colleges, administering 
a program that helps support com- 
puting laboratories on school cam- 
puses. During this period, he con- 
ducted various classes—instructing 
students in the operations and ap- 
plications of electronic computers. 


FILL IT? 


A previous knowledge of computing is 
not necessary. IBM will pay for your 
training which lasts about a year. 

Throughout the United States, IBM 
maintains approximately 100 Applied 
Science offices. You may request the 
location that you desire. 

IBM Applied Science has quad- 
rupled during the past three years. In 
1956, over 70 promotions were con- 
ferred. Doesn’t this growth factor 
alone suggest more room for your abili- 
ties— more professional stature ? 


Why not act today? Send this coupon to: 
P. H. Bradley, Dept. 1404 
International Business Machines 
590 Madison Ave., N. Y. 22, N. Y. 


I would like additional information 
about IBM—Applied Science. 

Name 

Home Add: 
City Zone. 

State 
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mathematicians 


Immediate openings at Electric Boat, division of General 
Dynamics Corporation, widely known for its pioneering work 
in nuclear propulsion, builders of the world’s first atomic 


submarine, Nautilus which is now performing far ahead of 
expectations. 


A variety of investigations is being conducted at Electric 
Boat requiring Mathematicians with BS degrees, familiar 
with engineering and applied mathematics (solution of dif- 
ferential equations through infinite series, operational meth- 
ods, numerical methods, vector analysis of complex variables 
and applications of these techniques). 


These are permanent positions in a forward-looking division 
with an enviable record of no layoffs in engineering person- 
nel for over 35 years. Benefits are liberal and include an 
advanced educational program, both in the plant and at 
leading universities. 


Resumes will be reviewed promptly and in confidence. Please 
write complete details including salary requirements to 
Peter Carpenter. 


— 


ELECTRIC BOAT DIVISION 


feneral Dynamics Corpo 


GROTON CONNECTICUT 
(NEAR NEW LONDON ON THE CONNECTICUT SHORE) 


FOR SPECIAL RESEARCH & DEVELOPMENT PROJECTS 


ration 
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Now, through TIAA’s new MAJOR MEDICAL EXPENSE INSURANCE, 
colleges can help free their staff members from concern over the financial 
problems of medical care for themselves and their families. 


TIAA MAJOR MEDICAL is issued on the Group basis and can be 
added to a “‘base plan” such as Blue Cross-Blue Shield or designed to 
provide the entire medical expense insurance program at the college. 


Colleges, universities, independent schools, and certain foundations 
and other nonprofit educational or research institutions are eligible 
whether or not they now have a TIAA retirement or insurance program. 


To learn more about this important protection, complete and return: 


1 
| 


Teachers Insurance and Annuity Association 
522 Fifth Avenue, New York 36, New York 


Please send information on MAJOR MEDICAL EXPENSE INSURANCE to: 
Name 
Title 
Employing Institution 
Address 
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MONOGRAPHS OF THE SOCIETY FOR 
INDUSTRIAL AND APPLIED 
MATHEMATICS 


Number 1 


Report on 


A SURVEY OF TRAINING AND RESEARCH 
IN APPLIED MATHEMATICS IN THE 
UNITED STATES 


A Report by the National Research Council Committee on Training and 
Research in Applied Mathematics, F. J. Weyl, Investigator. 


$2.00 per copy Order Address: 
SIAM 
Box 7541 
Philadelphia 1, Pa. 


Standard | ANALYTIC GEOMETRY AND CALCULUS 
texts Designed for college courses which combine a study of calculus 
with that of analytic geometry, this book emphasizes the mean- 
b ing of fundamental concepts and states important formulas in 
y the form of theorems, giving the conditions of validity and mean- 
ing of the symbols ate te A logical organization is followed, 
Lloyd beginning with sufficient analytic geometry to prepare the stu- 
dent for the early parts of calculus. Additional topics of analytic 
L geometry are introduced as they are needed for gaining an 
e understanding of the calculus. An abundance and variety of 

S il exercises are provided. 
m Large Octavo 672 pages diagrams $5.75 


CALCULUS Appleton 


Outstanding in its field, this text for college courses in Calculus Century 
offers a variety of distinctive features. Noteworthy among these 

are the early introduction of integration, involving both indefi- C ft 
nite integrals and definite integrals; the replacement of Duham- roTts 
el’s theorem with a simpler theorem due to Bliss; the modern 
definition of limit of a function without defining limit of a Inc 
variable; the analytic proof of the fundamental theorem of » 
integration; and the early introduction of hyperbolic functions. 
. 35 West 32nd St. 
Large Octavo 592 pages diagrams $5.35 New York 


AN INTRODUCTION TO EUCLIDEAN GEOMETRY 


By J. C. Eaves, University of Kentucky, and 
A. Jupe Rosinson, Alabama Polytechnic Institute 


Tested by several years’ classroom use in preliminary form, this text provides a 
brief but thorough treatment of plane and solid geometry for the beginning college 
student who lacks adequate high school preparation. Equally adaptable for use on 
the quarter or semester system, the book enables the student to obtain the back- 
ground work in two-space and three-space geometry necessary for further study of 
subjects to which such courses are a prerequisite. 

The text is written in workbook style, with space provided for the student’s an- 
swers and for completion of numerical illustrations and theorems. The book is 
organized so that removal of assignments will leave the textual material intact. 

A summary sheet is supplied for each lesson. In the early lessons it contains an 
outline of the material to be covered, with space for the student to list class notes, 
notes on proofs of theorems, constructions, and exercises. In the later sections the 
student is given a brief statement of the contents of the lesson and is asked to outline 
the material. The style of the book encourages the student to prove the theorems for 
himself. The use of postulates is emphasized throughout, and space is provided in 
the summary sheets for listing postulates used in each section. 


To be published fall, 1957—price to be announced 


ELEMENTS OF MATHEMATICS 


By Heien M. Roserts and Doris S. Stockton, 
University of Connecticut 


A careful and thorough revision of this tried and tested textbook for remedial 
mathematics courses offered to college freshmen whose mathematical background is 
deficient. The text presents a complete review of high school arithmetic, algebra, and 
those topics in geometry which are desirable for the student who will go on to study 
trigonometry and analytic geometry. It may also be used by students who have had 
no high school mathematics. Ample interesting exercises and problems are provided. 

Among the additions to the Second Edition are: new material on “absolute value,” 
and “greater than” and “less than”; new material on repeating decimals; another 
method of solving the quadratic equation—completing the square; and additional 
integration of algebra and geometry. Two complete new sets of review exercises are 
provided, on tear-out sheets, for each chapter, so that the student may hand them in 
as homework assignments. 

Two sets of achievement tests are available, each set consisting of four one-hour 
progress examinations and a final examination covering the entire book. One com- 
plete set of either series is furnished, at no charge, for each book purchased; these are 
sent, upon request, to the teacher of the course. 


Hardbound, 308 pp, 60 illus, Second Edition, 1956—$3.75 


ADDISON-WESLEY PUBLISHING COMPANY, Ine. 
Reading, Massachusetts, U.S.A. 


for Refresher Courses 

| 
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Three Distinguished Textbocks 

BRIEF ANALYTIC GEOMETRY 

Third Edition Mason-Hazard 

0 fferi ood introducti nalyti 
descriptive through work on the straight line before general discussion of 

= equation and locus. Increased emphasis on function concept; many 

circulars exercises. 

NEW ANALYTIC GEOMETRY 

Revised Edition Smith-Gale-Neelley 

Standard course, adaptable to a brief course. Strong stress on 

applications. Illustrative examples; many problems. Covers both 
Sales Offices: plane and solid geometry in preparation for calculus. 
New York 1 ANALYTIC GEOMETRY and CALCULUS 
Atlanta 3 Longley-Smith-W ilson 
Dallas 1 Full year’s course covering plane and solid analytic geometry, dif- 
Columbus 16 ferential and integral oaediion Combines the subjects to meet 
San Francisco 3 needs of science and engineering students; introduces integration 
Toronto 7 early. Many worked-out examples. 
Home Office: 
Boston GINN AND COMPANY 


JUST PUBLISHED 


INTRODUCTION 
TO THE GEOMETRY OF COMPLEX NUMBERS 


By ROLAND DEAUkX, La Faculté Polytechnique, Mons 
Translated from the French by HOWARD EVES, University of Maine 


A new, enlarged translation of the 
successful —— edition, espe- 
cially valuable because of the pau- 
city of comparable works in English. 
Covers the application of complex 
coordinates to plane geometry, 


Few prerequisites are needed for 
the self-contained text. Unusually 
fine exercises add to its usefulness, 
especially as a college text. Im- 
portant also as a collateral text for 
courses in theory of functions of a 


stressing transformation theory. complex variable. 
208 pp., $6.50 
Other important titles: 
NATANSON, Theory of Functions of a Real Variable. $6.50 
RIESZ—SZ.-NAGY, Functional Analysis. $10.00 
ACHIESER, Theory of Approximation. $8.50 


Examination copies on approval. Send for complete list of mathematics titles. 


FREDERICK UNGAR PUBLISHING CO. - 


105 East 24th Street, New York 10, N.Y. 
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VECTOR ANALYSIS 


By LOUIS BRAND, University of Cincinnati. Supplies the basic tools of vector al- 
gebra and calculus, and gives an introduction to their applications. The treatment is 
elementary, featuring clear, detailed exposition. Theory is well illustrated by examples 
and problems. The final chapter shows some modern generalizations of the vector con- 
cept. 1957. 282 pages. Prob. $6.00. 


NONPARAMETRIC METHODS IN STATISTICS* 


By D. A. S. FRASER, University of Toronto. Unifies and explains nonparametric 
methods from diverse areas of statistical activity. Early chapters develop theories of 
hypothesis testing, confidence regions, and tolerance — ag Full coverage is given to 
limiting distributions, and a complete chapter describes limiting methods for non- 
parametric test statistics. 1956. 299 pages. $8.50. 


STATISTICAL ANALYSIS OF STATIONARY TIME SERIES* 


By ULF GRENANDER, University of Stockholm; and MURRAY ROSENBLATT, 
Indiana University. Introduces theoretical statisticians to an approach to time series 
analysis that is essentially different from past techniques. The authors discuss modern 
methods that are being used increasingly in the physical sciences and technology. 1957. 
300 pages. $11.00. 


MODELS OF MAN: Social and Rational 


By HERBERT A. SIMON, Carnegie Institute of Technology. Sixteen related essays 
develop a coherent theory of the rational and non-rational aspects of human behavior 
in a social setting. Often using a mathematical approach, the papers draw on a wide 
variety of fields to create a new and valuable synthesis. 1957. 287 pages. $5.00. 


VECTOR SPACES AND MATRICES 


By ROBERT M. THRALL, University of Michigan; and LEONARD TORNHEIM, 
California Research Corporation. A new work which proceeds simultaneously on two 
levels—one concrete and the other axiomatic. The concrete approach is via matrices, and 
the intrinsic approach is via linear transformations. A brief introduction to game theory 
and inequalities is given in the final chapter. Coming in May. Approx. 320. Prob. $7.00. 


EXPERIMENTAL DESIGNS, 2nd Edition* 


By WILLIAM G. COCHRAN, The Johns Hopkins University; and GERTRUDE M. 
COX, University of North Carolina. Revised and expanded, this new edition includes 
a new chapter on fractional replication of factorial experiments, as well as fresh 
material on experiments in which the factors represent quantitative variables, measured 
on a continuous scale. Coming in May. Approx. 605 pages. Prob. $7.50. 


INTRODUCTION TO OPERATIONS RESEARCH 


By C. WEST CHURCHMAN, RUSSELL L. ACKOFF, and E. LEONARD ARNOFF, 
< of ~ Case Institute of Technology; and 11 other experts. 1957. 645 pages. College 
ition, $10.00. 


160 VEARS * One of the Wiley Publications in Statistics, 
lag Walter A. Shewhart and S. S$. Wilks, Editors. 

S> 


Send for examination copies. 


Y 
+ 
f 
f 
( I 
i 
3 
i 
] 
‘ 
| 
or JOHN WILEY & SONS, Inc, 440-4th Ave., New York 16, NLY. 


ona 


ab 


An important new text 
by WILLIAM L. HART 


Analytic Geometry and Calculus 


e Introduces integration early in a substantial chapter which is restricted to algebraic 
functions, but includes some applications of definite integrals and two lessons on dif- 
ferential equations 


¢ Begins with fifteen lessons devoted to the most basic analytic geometry 


¢ Integrates appropriate advanced content of plane analytic geometry with the cor- 
responding parts of calculus 


© Defines the definite integral and uses it numerically to a moderate extent before 
introducing indefinite integration 


¢ Brings in partial differentiation and the complete treatment of multiple integrals 
relatively early 


¢ Assigns a key role to parametric form for curves in the plane or in space, as a unify- 
ing and simplifying device 


¢ Emphasizes use of direction cosines in the plane as well as in space, and the use of 
right-handed coordinate systems in space 


© Segregates in an optional chapter various classical topics of analytic geometry not 
essential for elementary calculus 


* Contains approximately 4500 problems, with full provision for routine drill, miscel- 
laneous exercises, problems of special difficulty for superior students, and review 
exercises 


* Includes answers for odd-numbered problems. Answers for even-numbered prob- 
lems available in a separate pamphlet, free on request 


Text: 648 pages. Appendix and tables: 32 pages $6.75 


HEATH 


Sales Offices: Englewood, N.J., Chicago 16, 
San Francisco 5, Atlanta 3, Dallas 1 


N i OM PAN ) Home Office: Boston 16 
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1956-1957 Mathematics Texts from Prentice-Hall, Inc. 


Introduction to Finite Mathematics 


by JOHN G. KEMENY, J. LAURIE SNELL and GERALD L. 
THOMPSON, all of Dartmouth College 


372 pages © 5%” 8%” Text list $5.00 


A Modern Introduction to Mathematics 


by JOHN E. FREUND, Virginia Polytechnic Institute 
543 pages @ 6” 29" Text list $6.00 


Modern Trigonometry 


by W. A. RUTLEDGE, University of Tulsa; and JOHN A. 
POND, Goodyear Atomic Corporation 


243 pages 54%” 28%” Text list $3.95 


College Algebra 


by LYMAN M. KELLS, United States Naval Academy 
866 pages © 6% 29” @ Text list $4.75 


Arithmetic: Its Structure and Concepts 


by FRANCIS J. MUELLER, Maryland State Teachers College 
279 pages @ 6% 2 9” @ Text list $5.50 


Analytic Geometry 
by PAUL R. REES, Louisiana State University 
237 pages @ 6” 29” @ Text list $4.25 


Applied Analysis 


by CORNELIUS LANCZOS, Dublin Institute for Advanced 
Studies 


539 pages © 55%” 28%” © Text list $9.00 


approval copies available from— 


Prentice-Hall, Inc. 


Englewood Cliffs, New Jersey 


~ 
* 
6 
| hare 
- 
— 


INTRODUCTORY COLLEGE MATHEMATICS 


By Rosert W. Wacner, University of Massachusetts. 448 pages, $5.50 


The author aims to give the student a concept of mathematics somewhat closer to a mathe- 
matician’s view than is usually attained in an introductory course. After introductory 
chapters on numbers and equations, the function concept is carefully presented and be- 
comes the central theme of the book. Emphasis is on the interdependence of various 
aspects of the traditional content of freshman mathematics, with an effort made to 
minimize the number of formulas to be memorized. There is a careful and thorough treat- 
ment of each basic problem. Numerous problems are included. 


COLLEGE ALGEBRA 


By Ross R. Mipptemiss, Washington University. 344 pages, $3.75 


This excellent text contains a complete coverage of topics usually taught in a standard 
course. The course is made more valuable and stimulating by the greater emphasis on 
reasoning and clear thinking; this method combats the student’s tendency toward me- 
chanical operations unaccompanied by real thought. 


PLANE TRIGONOMETRY 


By E. RicHarp HetneMAN, Texas Technological College. Second edition. 256 pages, 
$3.75 (without tables, $3.25; tables alone, $1.50) 


Designed especially for students with average mathematical background, this text seeks to 
establish the habit of logical and independent thinking. Memory work is reduced to a 
minimum, and all unnecessary formulas and concepts have been omitted. Offers 1274 care- 
fully graded problems. Emphasis in this new edition is placed on the analytic aspects of 
trigonometry, but complete coverage is given to the solution of triangles. 


Alternate Edition, 184 pages, $3.50 (Without tables, $3.00). 


Contains 1420 problems, nearly all different from those in the regular edition, thus making 
available 2694 exercises. The text material is essentially the same as the regular edition. 


PRINCIPLES OF MATHEMATICS 


By C. B. ALLENDOERFER, University of Washington and C. O. Oaktey, Haverford Col- 
lege. 466 pages, $5.00 


This important text is directed toward the reform of the basic curriculum in mathematics. 
The approach is new in both content and emphasis. The emphasis is placed upon an under- 
standing of the methods of mathematical reasoning, the basic ideas of the subject, and a 
clear understanding of the reasons behind the mathematical processes. Routine computa- 
tions are balanced with emphasis on thinking. Formulas are presented and adequate prac- 
tice in their use is provided. Reasons for the formulas and their place in the logical struc- 
ture of the subject are also explained. 


Send for copies on approval 


McGraw - Hill Book Company, inc. 


330 West 42nd Street New York 36, N.Y. 
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BASIC MATHEMATICS TEXTS 


by CLYDE E. LOVE and EARL D. RAINVILLE 
Differential and Integral Calculus, Fifth Edition 


by Clyde E. Love, Professor Emeritus of Mathematics, and 
Earl D. Rainville, University of Michigan 

Incorporating new features and improvements, the fifth edition of this 
famous text contains 3900 exercises (2400 new); a new treatment of the 
section on Newton’s method for solution of equations; and these im- 
portant new topics: work, circle of curvature, integral tests for infinite 
series, summation of power series, oblique and curvilinear asymptotes, 
and evaluation of iterated integrals by change of coordinate system. 
1954 526 pages $5.75 


Analytic Geometry, Fifth Edition 

by Clyde E. Love and Earl D. Rainville 

Retaining the important successful features of the previous editions, 
the fifth edition includes such new topics as: the distance formula in 
polar coordinates, circles of Appolonius, tangents to a conic from an 
external point, the shape of certain higher plane curves, and genera- 
tion of surfaces of revolution. This text is readily adaptable to long or 
short courses. 1955 302 pages $4.00 


Elements of Analytic Geometry, Third Edition 
by Clyde E. Love 


A basic text for short courses in analytic geometry, the third edition has 
been enlarged to include two new chapters on elementary transcen- 
dental functions, a chapter on families of curves, and more space de- 
voted to the sketching of three-dimensional figures. This text features 
the early introduction and frequent recurrence of the idea of function 
and of the algebraic curve. 1950 218 pages $3.50 


A Short Course in Differential Equations 

by Earl D. Rainville 

Designed as an introduction to differential equations for students who 
have completed the standard one-year course in calculus, this book 
emphasizes the careful development and execution of methods for 
solving differential equations. About one-fifth of the book is directly 
concerned with applications of differential equations. 

1949 210 pages $3.50 


Elementary Differential Equations 

by Earl D. Rainville 

An introduction to elementary differential equations, this text contains 
all the material in A Short Course in Differential Equations and a great 
deal more. Particularly outstanding: the presentation of series solutions 
of differential equations, the thorough discussion of the powers series 
method, and the extensive introduction to Fourier series and to the 


solutions of boundary value problems in partial differential equations. 
1952 392 pages $5.25 


Lhe Macmillan 
60 FIFTH AVENUE, NEW YORK 11 


GEORGE BANTA COMPANY, INC., MENASHA, WISCONSIN, U.S.A. 
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